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1.1.  General   
Over the last several decades the world population has growth in both developing as well as the 
developed countries. As a result, to meet the continuously increasing demands of the public 
needs for transportation facilities and flooding defense, there has been a steady rise in the 
construction of new facilities such as roadways, railways, earth dam and levees. Some of these 
facilities  are  not  only  necessary  to  prevent  traffic  congestion  or  hydraulic  protection  of  the 
landscape, but also to alleviate economic losses associated with the lack of them. However 
their failure may lead to loss of human life beside heavy economical losses. 
In many situations these facilities have to be built on or with compacted embankments. These 
last usually are classified as poor structures, in the sense that their cost must be reduced as 
much as possible, due to their huge extension. Traditional technologies – poor technologies – 
are still being used, relying on local experience and rules of thumb, which are still considered to 
be  sufficient  to  guarantee  sufficient  margin  of  safety  against  failure  and  adequate  working 
performance during embankment lifetime. However, since huge amounts of soil are required to 
build embankments for transportation facilities and flooding defense, and since the choice for 
optimal  characteristics  of  the  material  is  definitely  limited  by  the  requirement  of  the  locally 
available soil, then the development of supplementary numerical tools and knowledge, able to 
analyze the behavior of these structures, may: 
-  help in the design 
-  help in the interpretation of in situ control measurement  
-  be  advantageous  to  infer  the  suitability  of  the  soils  available  in  situ,  especially  in 
developing countries where the need to bring huge amounts of soil from far borrow 
areas can be unfeasible.  
The focus of embankment design is conventionally based on understanding the displacements 
of  foundation  ground  rather  than  embankment  itself.  In  addition,  the  variation  of  pore-water 
pressure with time during the construction of embankments is taken into account in the design 
when the foundation material at the construction site is cohesive in nature. 
As concern the stability of the slopes of the fill embankments the failures may happen due to 
human-induced factors, such as the artificial loading of the slope or the cutting away of the toe, 
improper soil compaction, groundwater pressure, slope toe erosion (due to the erosive action of 
the water river, as example). However in several situations, the instability of embankments is 
simply due to rainfall.  
The embankment stability analyses are usually performed using conventional limit equilibrium 
method  assuming  the  embankment  is  in  a  state  of  saturated  condition.  This  assumption  is 
believed to provide a conservative design approach in the assessment of the stability of slopes 
constructed with compacted soils. However, this approach for the design of embankments may 
not always be satisfactory since these structures typically remain unsaturated throughout most 
of  their  working  life.  Therefore  it  should  be  more  appropriate  to  design  them  using  the 
mechanics of unsaturated soils, even if it is seldom considered, also in developed countries. 
It is worth noting that usually the stress levels of interest in this kind of geotechnical structures 
are rather low, due to normally limited height of the embankments and absence of relevant 
surcharge loading. On the contrary these are exposed to significant environmental loads, as the 2 
 
aforementioned rainfalls, which induce an increasing number of wetting-drying cycles over time 
and  a  continuously  variable  water  content  in  the  soil,  especially  in  the  most  shallow  layers 
interacting with the atmosphere.  
Instability of unsaturated soil slopes during wet periods has been observed in many countries, 
for both natural and man-made slopes, and there is evidence to demonstrate that infiltration of 
rainfall into unsaturated slopes forms a wetted zone,  which more likely triggers shallow slip 
failures (Cho SE, Lee SR. (2002)). This is true for both the granular soils and cohesive finer 
soils. These last, particularly, show shrinking/swelling cycles, according to the drying/wetting 
cycles, which open fissures and reduce the density; actually the soil is weakened and cannot 
resist anymore resulting in slip-plane failures. Rainfall infiltration commonly causes the loss of 
the strength contribution due to matric suction and the subsequent increase in positive pore-
water pressures. The strength contribution due to matric suction is an important feature of the 
unsaturated  soils  which  allow  the  slopes  to  be  safe  even  at  much  steep  angles  when 
unsaturated  conditions  are  maintained,  but  to  fail  when  the  suction  is  lost  due  to  water 
infiltration. 
All the above considerations suggest that stability analysis of embankments should be carried 
out  also  considering  infiltration  conditions  beside  the  conventional  most  critical  stages.  The 
usual conventional most critical stages arise always from an excess of the pore water pressure 
but they don’t provide for the rainfall situation. These critical stages are: 
-  at the end of construction: in this case the pore water pressure excess depends by the 
applied overburden pressures. 
-  during  steady  state  seepage,  in  case  of  embankment  dams:  here  the  pore  water 
pressure excess results from natural groundwater condition. 
-  during rapid drawdown of the level in the reservoir, always in the case of embankment 
dams: here the pore water pressure excess results from natural groundwater condition. 
Therefore,  an  overall  reasonable  embankment  stability  analysis  should  include  also  the 
influence of rainfall infiltration. This can be assured only when the distribution of matric suction 
within the embankments are taken into account together with the unsaturated soil mechanics. 
However the following considerations have to be taken in mind: 
a)  the  measurement  of  pore-water  pressures  in  embankments  is  expensive,  time 
consuming (as it is ruled by seasonal variation of climate), and generally not feasible 
along the whole embankment. 
b)  laboratory  investigations  on  unsaturated  soil  samples  retrieved  from  the  compacted 
structure on-site are not allowed usually, as the authorities, who manage the structure, 
discourage  sampling  after  construction  to  preserve  structural  integrity;  and  the 
representativeness  of  samples  compacted  in  the  laboratory  against  of  the  soil 
compacted in situ has not yet been verified in detail.  
In this framework the development of numerical tools able to reproduce the soils behavior in 
saturated-unsaturated conditions can be perceived as a great opportunity. The results from the 
numerical analyses can revert into new knowledge of the real phenomena observed on field, 
and also into new preliminary specifications that can be suggested for new constructions. 
1.2.  Objective and scopes 
In the present thesis, an attempt was made to study how the rainfall infiltration influences the 
stresses and the behavior of a soil embankment according to different hydraulic permeability 3 
 
values and rainfall intensities. In particular the analyses performed can be distinguished in four 
main types: 
·  an infiltration analysis: to study how infiltration into an embankment varied with respect 
to rainfall intensity and respect to the lateral and/or top sides of the bank, considering 
both steady and transient conditions. 
·  an infiltration-stress-deformation analysis: to study, using the incremental strain-stress 
relationship for saturated/unsaturated soils, the stresses and deformations induced by 
rainfall infiltration into the embankment. 
·  a  slope  stability  analysis:  two  different  approaches  to  develop  the  limit  equilibrium 
method are tested to evaluate that which better catches the effect of rainfall infiltration 
on  slopes  embankment.  It  was  also  investigated  the  case  of  non-homogeneous 
embankment having slope-parallel layers with different strengths and permeability in 
order  to  find  the  right  specifications  to  follow  in  this  kind  of  analyses  when  rainfall 
infiltration is considered. 
·  a parametric study: to study how the rainfall intensity, the hydraulic permeability, the 
initial degree of saturation in the soil and the geometry affect the variation of the factor 
of safety (FS) of the slope embankment.   
Finite element analyses were undertaken using the Geo-Slope software (SEEP/W, SIGMA/W 
and SLOPE/W) considering infiltration of water due to different rainfall events as the unique load 
on the embankment. One of the most powerful features of GeoStudio is the smooth integration 
that exists between all the individual programs. 
Several conclusions of engineering practice interest are derived in the present thesis. 
1.3.  Outline of the thesis 
This thesis is organized into nine chapters.  
Chapter 1, "Introduction", presents a general preamble to introduce the topic and the need for 
this research study, the objectives and scope of the research study, the outline of the thesis and 
a background about the arguments dealt. 
Chapter 2, “Theory for Infiltration Analysis”, presents the different models developed to describe 
the  infiltration  and  the  seepage  of  water  into  the  soil.  Conceptual  models,  analytical  and 
numerical solutions are introduced. Hydraulic characteristics necessary to solve the equation 
governing the water flow are also presented and explained. 
Chapter  3,  “Theory  for  Saturated-Unsaturated  Soil  Consolidation”,  presents  the  physical 
relationships required to describe the three-dimensional behavior of partially saturated soils, 
and the development of coupled equations for the simulation of the volume change problems. 
The finite element formulation of the coupled equations is derived for a plane strain problem 
with  the  assumption  that  a  continuous  air  phase  is  maintained  at  atmospheric  pressure. 
Peculiarities related to coupled and uncoupled analysis are presented. 
Chapter  4,  “Theory  of  Slope  Stability”,  presents  the  soil  stresses  and  the  shear  strength 
formulations for both the saturated and unsaturated soils, the slope stability analysis methods 
for both infinite and finite slopes, and a last section dealing with the undrained instability and the 
static liquefaction phenomena.   
Chapter 5, “Rainfall Infiltration Analysis”, presents a numerical study on the process of rainfall 
infiltration  into  a  designed  embankment.  Various  rainfall  intensities  are  considered  and  the 4 
 
infiltration fluxes are calculated along the three different sides of the bank for both steady-state 
and transient condition. 
Chapter  6,  “Embankment  Infiltration-Stress-Deformation  Analysis”,  presents  the  stress  paths 
and the time evolution of suction and deviatoric stress obtained, with a numerical study, for two 
different  hydraulic  conductivity  soil  types  subjected  to  a  steady  rainfall.  Results  and 
considerations are discussed. 
Chapter 7, “Slope Stability Analysis”, presents the numerical results of slope stability analyses 
on the same embankment subjected to a steady rainfall considered in the Chapter 5 and 6. It 
includes  two  main  parts.  The  first  part  contains  the  results  obtained  considering  two 
homogeneous soil embankments with different hydraulic conductivity. The second part consider 
a non-homogeneous soil embankment and investigates which specifications should be followed 
in such stability analysis to catch properly the effect of rainfall. 
Chapter  8,  “Parametric  Study”,  presents  the  results  of  three  parametric  studies  performed, 
always with a numerical software, to asses which factors have more influence on the slope 
stability (safety factor). The factors investigated are: rainfall intensity, hydraulic permeability, 
initial degree of saturation and slope angle. 
Chapter 9, “Conclusions”, reports the main conclusions of the thesis work. 
1.4.  Background 
The movement of water into soil due to rainfall or irrigation activity is known as infiltration. The 
infiltration of water into soil is governed by the relationship between the rate of water application 
(or rainfall intensity) and the soil infiltration capacity. If the rate of water application exceeds the 
soil infiltration capacity, ponding or runoff occurs over the soil surface. It has been found that 
infiltration rate is relatively high in the early stages of an event and, then, it decreases with time 
to  reach  a  steady  value  if  the  rain  lasts  for  a  sufficient  long  time.  This  steady  value  was 
predicted  to  be  equal  to  the  saturated  coefficient  of  permeability  (    )  by  many  authors, 
however it has been observed through on field experiments that actually it is a percentage of 
     and it is variable according to the soil type and the ground surface geometry (Li et al., 
2005; Rahardjo et al., 2005). 
Studies  by  several  investigators  demonstrate  that  shallow  slip  failures  parallel  to  the  slope 
surface  are  possible  due  to  rainfall  infiltration  (Blatz  et  al.  (2004),  Rahardjo  et  al.  (2001)). 
Rainfall-induced  slope  failures  commonly  occur  in  the  unsaturated  zone  above  groundwater 
table in many steep residual soil slopes. During a rainy season, desiccated soils with higher 
permeabilities  will  increase  rain  infiltration  into  slopes  causing  an  increase  in  pore-water 
pressures in the zone above the groundwater table. In addition, the groundwater table may rise 
to result in a further increase in pore-water pressures. As a result, the shear strength of the soil 
will decrease and factor of safety of the slope can decrease to below a critical value, triggering 
slope failure. 
In  case  of  natural  slopes,  this  characteristic  failure  behavior  allows  analyzing  instability  of 
saturated-unsaturated  soil  slopes  assuming  them  as  infinite  slopes.  The  method  used  in 
traditional infinite slope analysis must be modified to take into account the variation of the pore 
water pressure profile that results from the infiltration process (Duncan and Wright, (1995)). For 
an infinite slope with seepage parallel to the slope surface, the safety factor for the slip surface 
at depth H is: 
    
  





 	   tan  
     tan 
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where FS is the safety factor,    is the effective cohesion,    is the effective friction angle,   is 
the slope angle,      is the saturated unit weight of the soil and   is the ratio between the 
distance from the groundwater table to the slip surface and H. Here the slip surface is assumed 
to be below the groundwater table in the saturated zone. However, sometimes it was observed 
that soil suction has not to be reduced to zero to trigger a failure; in this case, based on the 
extended  Mohr–Coulomb  failure  criterion  (Fredlund  et  al.,  1978),  the  safety  factor  of  an 
unsaturated uniform soil slope can be expressed as: 
    
              tan              tan ′
   sin cos 
 
 
where    is the total unit weight of the soil,    is the pore air pressure,    is the pore water 
pressure,         is the matric suction,    is the total normal stress,         is the net normal 
stress on the slip surface and    is an angle indicating the rate of increase in shear strength 
related to matric suction. 
In case of artificial compacted embankments the above described concept is not always justified 
because the finite height may prevent the development of an actual infinite slope failure mode. 
Moreover,  it  is  not  always  easy  to  determine  earlier  if  a  rainfall  produced  saturated  or 
unsaturated  conditions  in  the  surficial  layer.  Therefore,  besides  the  infinite  slope-stability 
analysis method, other methods are employed to calculate the safety factor. These are the two-
dimensional methods of slices for slope stability. The inputs required are the geometry and soil 
profiles  of  the  slope,  the  shear  strength  parameters  (the  extended  Mohr–Coulomb  failure 
criterion  is  usually  adopted),  the  soil  densities,  and  the  pore  water  pressure  distribution 
throughout  the  slope.  The  pore  water  pressure  distributions  used  as  input  data  in  the  limit 
equilibrium slope stability analysis can be classified into three types:  
i.  calculated pore water pressure distribution from numerical seepage analyses,  
ii.  assumed pore water pressure distribution based on the wetting front concept, and  
iii.  actual field-measured pore water pressures. 
Therefore the water flow behavior associated with rainfall infiltration is required to assess the 
embankment  stability.  This  is  possible  using  the  coefficient  of  permeability  function  for 
unsaturated  soils  as  an  input  parameter  in  the  slope  stability  analysis.  The  coefficient  of 
permeability  function  is  the  relationship  which  describes  the  variation  of  coefficient  of 
permeability with respect to matric suction values. This relationship can be predicted using the 
Soil–Water Characteristic Curve (SWCC) and the coefficient of permeability under saturated 















Theory for Infiltration Analysis 
2.1.  Introduction 
Infiltration plays a significant role in the instability of slopes under rainfall conditions. The effect 
of seepage on natural slope stability is typically addressed in most analyses by calculating the 
factor of safety or critical depth for an infinite slope subject to seepage parallel to the slope 
surface. This type of analysis assumes that saturated steady-state flow is taking place over a 
given depth (see section 4.4.1.4 in Chapter 4). In order to simplify the analysis as a worst-
infiltration scenario, it is often assumed that the phreatic surface (groundwater level) rises up to 
coincide with the slope surface, and that the slope is completely saturated. For such saturated 
slopes, additional infiltration is not possible, and additional simulated rainfall will have no further 
effect on slope stability.  
However, in many situations where shallow failures are concerned, it has been noted that there 
is not much evidence of a rise in the water table sufficient to trigger the observed failures. 
Instead, the failures have been attributed to the advancement of the wetting front into slopes 
until it reaches a depth where it triggers the failure. In these cases, for slopes that are initially 
unsaturated, the rainfall will yield a different effect. Firstly the pore water pressure pattern, that 
develops in the soil, will occur as a transient process as the infiltrating water moves downwards 
into the soil. Secondly, the shear strength of the soil will depend on soil suction, and hence on 
the pore water pressure profile, and will vary in time. 
In order to describe the advancement of wetting front and the flow of water into the porous soil 
medium,  both  conceptual  infiltration  models  and  solutions  of  the  Richards  (1931)  equation 
(analytical and numerical) have been proposed. 
2.2.  Conceptual infiltration models 
Infiltration models based on a wetting front concept have been proposed as response to the 
limitations  of  complex  numerical  solutions  to  solve  the  Richards  (1931)  equation,  which 
rigorously computes infiltration and soil moisture profiles in saturated–unsaturated soil systems.  
Among the many conceptual infiltration models it must be remembered the followings: Green 
and Ampt, (1911); Lumb, (1962); Mein and Larson, (1973); Sun et al., (1998). All them have 
been proposed with the intent to bypass:  
-  the natural spatial variability occurring in the field,  
-  the uncertain initial and boundary conditions, and  
-  the complexity of the numerical solution for practical applications. 
The amount of rainfall that can infiltrate the ground at a given time ranges from zero to the 
infiltration  capacity,  which  is  a  function  of  the  initial  moisture  content  and  rainfall  intensity. 
Infiltration capacity is the maximum rate at which a given soil can absorb water; it varies with 
time  and  decreases  approaching  a  minimum  value  (approximately  equal  to  the  saturated 
hydraulic conductivity) as infiltration continues. 
Green  and  Ampt,  (1911)  first  derived  the  first  physically  based  equation  describing  the 
infiltration  capacity  of  a  soil.  The  Green–Ampt  infiltration  model  was  initially  proposed  to 
describe infiltration through partially saturated soil underlying ponded water (fig. 1). It is based 7 
 
on Darcy’s law. Above the wetting front, the soil is assumed to be completely saturated, while 
the  soil  below  the  wetting  front  remains  at  the  initial  water  content.  It  is  assumed  that  the 
coefficient of permeability in the wetted zone,   , does not change with time, and that there is a 
constant suction head    at the wetting front.  
 
Fig. 1: Illustration of Green–Ampt infiltration model 
At any time T, the infiltration capacity   , by applying Darcy’s law, can be stated as follows: 
            
  
 x
     




   = coefficient of permeability in the wetted zone 
  = total hydraulic head 
  = elevation above a reference plane 
   = matric suction head 
x = arbitrary direction 
Hence in the z direction, the infiltration capacity at the wetting front is given as: 
             1  
  
  
        
       
  





   = constant suction head at the wetting front 
   = depth of the wetting front. 
The value of hydraulic conductivity above the wetting front,   , depends on the soil type and on 
the degree of saturation, and it can be measured in the field. The suction head at the wetting 
front      is  a  function  of  soil  water  content,  and  can  be  determined  from  experimental 
measurements. 8 
 
Integration  on  time  of  the  above  equation  for  the  infiltration  capacity  yields  the  following 
expression for the cumulative infiltration F: 
F     	∆           ∆  	  	ln 




∆   = the moisture deficit, expressed as the difference between the volumetric water 
contents before and after wetting. 
Therefore, the time necessary to saturate the soil to the depth   	 can be written as: 
    
∆  
  
        	ln 
       
  
   
To consider the conditions in which rainfall intensity is initially less than the infiltration capacity 
of the soil, Mein and Larson (1973) modified the Green–Ampt model, and developed a simple 
two-stage model for predicting infiltration before and after surface ponding. 
Lumb (1962) introduced the wetting front concept in relation to the investigation of slope failures 
in Hong Kong. Under prolonged and heavy rainfall, the depth,   , of the wetting front is defined 
as: 
    
    	 
          
 
where      is the saturated coefficient of permeability,    is the final degree of saturation,    is 
the initial degree of saturation,   is the porosity of the soil and t is time. Lumb’s wetting front 
equation implies that ground surface flux ( ) is equal to     . In the case when rainfall is less 
intense than     , the advance of the wetting front will be slower than that given by the above 
equation.  
Sun  et  al.  (1998)  proposed  a  generalized  wetting  band  equation  based  on  Lumb’s  (1962) 
equation. In fig. 2 is shown a typical variation of soil suction with depth in an unsaturated soil. 
For a given ground surface flux   , less than     , under steady-state conditions, the pore water 
pressure is u . If the ground surface flux is increased to   , a new infiltration zone with pore 
water pressure u  will be formed that gradually progresses downwards with time. The depth of 
the wetting front can be calculated using the equation: 
    
        	  
         
 
where    is the initial volumetric water content, which corresponds to u ; and    is the final 
volumetric  water  content,  which  corresponds  to  u .  The  comparison  between  the  predicted 
advance  of  the  wetting  front  obtained  from  this  equation  and  that  from  numerical  seepage 
analysis  of  saturated  -  unsaturated  soils,  indicates  reasonably  accuracy  of  the  formula  for 
intense rainfall events which produce transition zones (wetting fronts) relatively sharp. 9 
 
 
Fig. 2: Transient infiltration in an unsaturated soil (from Sun et al., 1998) 
2.3.  Analytical and numerical solutions 
Serious limitations impose restrictions on the use of the conceptual infiltration models, because 
they usually do not consider: 
a)  sloping ground conditions,  
b)  down-slope flows,  
c)  non-homogeneous spatial distribution of initial moisture content 
d)  variation of rainfall intensity, and  
e)  the dependence of soil permeability on moisture content.  
In addition, there will not always be a distinct difference between the infiltration zone and the 
zone  in  which  the  negative  pore  water  pressures  have  been  maintained,  as  it  is  actually 
considered by the conceptual models.  
To  obtain  a  more  rigorous  distribution  of  pore  water  pressure  in  a  slope  under  complex 
boundary conditions, the equation for the flow of water through an unsaturated–saturated soil 
system must be solved. This equation is based on the Darcy’s law and the mass conservation 
for water phase into soil, and it was derived by Richards (1931). Analysis of Richards’ equation 
yields approximations that describe the development of near-surface groundwater pressures in 
response to rainfall over varying periods of time. 
 
The  unsteady  and  variably  saturated  Darcian  flow  of  groundwater  in  response  to  rainfall 
infiltration  in  a  sloping  surface  can  be  described  by  the  Richards’  equation  with  a  local 
rectangular Cartesian coordinate system (fig. 3) as follow: 
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where: 10 
 
  = is the ground water pressure (it is used the common symbol of suction, instead of 
the  usual    ,  because  the  water  pressure  in  the  infiltration  analyses  is  usually 
negative, meaning suction is present into soil) 
   = the volumetric water content 
  = the slope angle 
  = time 
      = hydraulic conductivities in lateral direction (x and y), function of soil properties 
and groundwater pressure head 
      = hydraulic conductivities in slope-normal direction (z), function of soil properties 
and groundwater pressure head 
The coordinate x points down the ground surface; y points tangent to the topographic contour 
that passes through the origin; z points into the slope, normal to the x–y plane. 
 
Fig. 3: Definition of the local, rectangular, Cartesian coordinate system used to analyze Richards equation. 
The origin lies on the ground surface, x is tangent to the local surface slope, y is tangent to the local 
topographic contour, and z is normal to the x-y plane. The slope angle a is measured with respect to 
horizontal (from Iverson, R. M. (2000)). 
The solution of the above second-order partial differential equation is complicated, because the 
soil-water  characteristic  curve  (the  relationship        )  and  the  unsaturated  permeability 
function (the relationship       , ) are strongly non-linear. Analytical solutions, if available, have 
the advantages of explicitness and simplicity over numerical simulations. Several analytical and 
quasi-analytical solutions to unsaturated flow problems have been developed. 
As  example  Iverson  (2000)  developed  a  mathematical  model  that  uses  a  reduced  form  of 
Richards’s equation in vertical direction to evaluate effects of rainfall inﬁltration on landslide 
occurrence, timing and depth, in diverse situations. The model was considered for the case of 
shallow soil and rainfall time shorter than the time necessary for the transmission of lateral 
water pressure. The soils was assumed initially wet (        ). It was assumed the rainfall can 
infiltrate  totally  into  the  soil  if  the  rainfall  intensity  is  less  than  or  equal  to  the  saturated 
permeability. When  the  rainfall  intensity  is  greater  than  the  saturated  permeability,  then  the 
infiltration rate is equal to the saturated permeability and the surplus rainfall runs off the slope 
as  surface flow.  This  assumption  is  also  adopted  in  some  conceptual models for  infiltration 11 
 
capacity prediction, such as the Green–Ampt model. However such assumption may not be 
reasonable as field measurements (Li et al., 2005; Rahardjo et al., 2005) have shown that this is 
not the case. The on-field studies made by Li et al. (2005) showed that runoff may begin before 
the near-surface soils became fully saturated.  Rahardjo et al. (2005) applied an artificial rainfall, 
13x10
-6 m/s in intensity, to an initially unsaturated soil slope with      of 5,18x10
-6 m/s and found 
that the infiltration capacity of the slope converged, after long time, to 2x10
-6 m/s (≈ 0,4     ). 
Also the results obtained with a numerical study in this thesis (see chapter 5 ’Rainfall Infiltration 
Analysis’) showed that the initial infiltration rate can be larger than      but after it gradually 
decreased to a steady-state value that is less than     . Therefore, if Iverson’s solution is used, 
unrealistically high pressure heads can be obtained due to the overestimation of infiltration rate. 
Furthermore the Iverson’s hydrological modelling of hillslope is generally valid, together with the 
infinite slope stability analysis, for the case of shallow landslides with a small depth compared to 
its length. In case of earth embankment, with a finite height, often the failure way may not be 
like  infinite  slope  type,  and  the  previous  hydrological  model  cannot  be  applied  anymore. 
Moreover the rise of the water table from the base of the embankment produces water soil 
distributions which are not comparable with the Iverson’s analytical solution hypotheses.  
Hence analytical solutions for the infiltration problem can be obtained only by making some 
assumptions which often does not reflect what is the actual conditions, and they can work well 
only  under  some  specific  initial  and  boundary  conditions.  In  this  framework  the  usage  of 
numerical  solutions  can  take great  advantages  and  practical  simplifications.  Many  computer 
programs  have  been  developed  for  numerical  modelling  of  seepage  and  infiltration  in  both 
saturated and unsaturated soils. In this thesis the potentialities of the SEEP/W finite element 
program has been exploited. 
Numerical  solutions  of  Richard’s  equation  allow  to  consider  whatever  geometric  soil 
configuration  and  whatever  type  of  initial  and  boundary  conditions  (means  initial  moisture 
distributions  and  applied  rainfall  intensities).  Furthermore,  it  is  not  considered  a  marked 
difference between the infiltration zone and the zone where the negative pore water pressures 
are maintained, because the wetting front concept is not applied in the numerical solutions, and 
so more realistic pore-water pressure profiles can be deduced. So, the helps coming from the 
finite element software seems to be unavoidable to study the soil embankment behavior under 
rainfall infiltration. 
2.3.1.  Hydraulic Characteristics  
The water flow through unsaturated–saturated soils is strongly influenced by the unsaturated 
zone; the computer model SEEP/W, used in this thesis, performs analysis of both transient and 
steady-state  water  flow  through  unsaturated–saturated  soils,  and  it  simulates  moisture  flux 
throughout the entire flow domain. 
The derivation of the equation governing the water flow through unsaturated–saturated soils is 
attributed  to  Richards  (1931).  The  governing  equation  arises  from  a  consideration  of  mass 
conservation in an unsaturated–saturated medium in conjunction with an equation of motion, 
the Darcy’s law. For a two-dimensional domain it is as follow: 
 
  
       
   
  
   
 
  
       
   
  
     
     
  
 
Darcy’s law has been shown to be valid for the water flow through unsaturated soils as well as 
for flow through saturated soils.  12 
 
The main difference is that, unlike saturated soils, the permeability of an unsaturated soil is not 
constant  but  it  depends  on  the  pore  volume  occupied  by  water  (the  volumetric  moisture 
content). So to implement Richards’ equation, the permeability have to be defined in relation to 
the volumetric water content   , which can be seen as the product of the porosity (  	and the 
degree of saturation (  :       	  .   
Therefore, in order to solve the above equation, two soil parameters must be determined: the 
volumetric water content   , and the permeability coefficients   ,     .  
2.3.1.1. Volumetric Water Content – Soil Water Characteristic Curve (SWCC) 
In a saturated soil, all the voids are filled with water and the volumetric water content of the soil 
is equal to the porosity of the soil according to: 
      	  
where: 
  = porosity 
  = relative degree of saturation 
In an unsaturated soil, the volume of water stored within the voids will vary depending on the 
matric  suction  within  the  pore-water,  where  the  matric  suction  is  defined  as  the  differences 
between the air (  ) and water pressure (  ) as follows: (       ). 
There is no fixed water content in time and space and so a function is required to describe how 
the water contents change with different pressures (suction values) in the soil. 
The volumetric water content function describes the capability of the soil to store water under 
changes in matric pressures. A such typical function is shown in fig. 4, and it is commonly called 
as soil water characteristic curve (SWCC). 
 
Fig. 4: Volumetric Water Content function (or soil water characteristic curve - SWCC) 
The three main features that characterize the volumetric water content function are the air-entry 
value, (AEV), the slope of the function for both the positive and negative pore-water pressure 
ranges (designated as Mw), and the residual water content, (  ). 13 
 
The air-entry value (AEV) corresponds to the value of negative pore-water pressure when the 
largest voids begin to drain freely. It is a function of: 
-  the maximum pore size in the soil  
-  the pore-size distribution within the soil. 
For higher pore size the air-entry value (AEV) moves to zero pressure values. A wider pore-size 
distribution  implies  the  presence  of  some  pores  smaller  than  those  of  a  uniform  sand. 
Consequently, a more negative pore-water pressure must be applied before drainage begins 
because the SWCC is shifted to the left (the AEV assumes a more negative value).  
The  slope  of  the  function,  Mw,  is  equivalent  to  the  coefficient  of  compressibility  for  one-
dimensional consolidation, Mv, in the positive pore-water pressure region. While in the negative 
pore-water pressure range, Mw varies over a range of values from the AEV to the pressure at 
the residual water content, and it represents the rate at which the soil stores or loses water as 
the pressure changes within the pore-water. 
Another key feature of the volumetric water content function is the residual volumetric water 
content, which represents the volumetric water content of a soil where a further increase in 
negative pore-water pressure does not produce significant changes in water content. 
It is not especially difficult to obtain a direct measurement of a volumetric water content function 
in a laboratory (using the apparatus known as ‘Richard’s pressure plate cell’), but it does require 
time and it requires finding a geotechnical laboratory that performs the service. Then it may be 
advantageous, in terms of time and money, to get an estimation of the volumetric water content 
function using either a closed-form solution that requires only some curve-fitting parameters, or 
to use a predictive method that uses a measured grain-size distribution curve.  
The  software  SEEP/W  has  three  methods  available  to  develop  a  volumetric  water  content 
function.  One  estimate  the  function  using  a  predictive  method  based  on  the  grain-size 
distribution curve knowledge (‘Modified Kovacs’ estimation method). The other two are closed 
form equations based on known curve fit parameters: 
-  Fredlund and Xing (1994) method 
-  Van Genuchten (1980) method 
In addition to these methods GeoStudio provide a list of 20 fully defined water content functions.  
In the following of the thesis all the analysis has been developed using, as volumetric water 
content function, one of the GeoStudio’s library which was calculated based on the Fredlund 
and Xing (1994) prediction method. 
2.3.1.2. Hydraulic Permeability 
The ability of a soil to conduct water is reflected by the hydraulic conductivity function. In a 
saturated  soil,  all  the  pore  spaces  between  the  solid  particles  are  filled  with  water  and  the 
permeability is at its maximum value (saturated coefficient of permeability,     ). Once the air-
entry value is exceeded, air enters the largest pores; air-filled pores become non-conductive to 
flow  and  they  increase  the  tortuosity  of  the  flow  path;  as  a  result,  the  ability  of  the  soil  to 
transport  water  (the  hydraulic  conductivity)  decreases.  As  pore-water  pressures  become 
increasingly  more  negative,  more  pores  become  air-filled  and  the  hydraulic  conductivity 
decreases further. Therefore the hydraulic permeability for unsaturated soils are dependent on 
the volumetric water content, which is in turn related to the water pressure or matric suction. In 
other words, the ability of the unsaturated soil to transport water varies with soil suction.  14 
 
The coefficient of permeability is related to the negative pore-water pressure in a nonlinear 
fashion. 
Actually  measuring  the  hydraulic  conductivity  function  is  a  time-consuming  and  expensive 
procedure, but the function can be readily developed using one of several predictive methods 
that  utilize  a  measured  or  predicted  volumetric  water  content  function  and  the  saturated 
hydraulic conductivity (    ).  
The software SEEP/W has three separate methods built into the model that can be used to 
predict unsaturated hydraulic conductivity by volumetric water content function: 
-  Fredlund et al. (1994) method 
-  Green and Corey (1971) method 
-  Van Genuchten (1980) method 
All  these  three  estimation  methods  generally  predict  the  shape  of  the  function  once  it  is 
specified the saturated hydraulic conductivity value (    ), which is easily to obtain. 
In the following of the thesis, all the hydraulic conductivity functions, used to define the hydraulic 

















Theory for Saturated-Unsaturated Soil Consolidation 
3.1.  Introduction 
There  is  a  wide  variety  of  practical  problems  where  it  is  important  to  include  both  the 
unsaturated and the saturated consolidation in an analysis.  
A common situation is the placement of fill on the ground surface where the water table is at 
some  depth.  The  transient  conditions  of  the  water  table  due  to  the  applied  load  make  it 
necessary to include both the saturated and the unsaturated consolidation. 
Another  situation,  where  a form  of consolidation  in  saturated-unsaturated  conditions  can  be 
known,  is  that  of  the  shrinking  and  swelling  of  soils  occurring  near  the  surface  due  to 
environmental changes. The soil changes volume in response to an applied loading arising from 
a change in negative pore-water pressure (or suction). The process is similar to consolidation. 
An unsaturated–saturated analysis is consequently required to correctly model such volume-
change behavior. 
3.2.  General 
Unsaturated  soils  can generally  be  divided  into  two  groups  with  respect  to  volume  change; 
namely, expansive soils and collapsible soils. Volume change is a result of a change in matric 
suction for both groups of soils. 
Expansive  soils  increase  in  volume  when  wetted  while  collapsible  soils  decrease  in  volume 
when  wetted.  The  theory  of  unsaturated  soil  behavior  is  required  for  the  study  of  either 
expansive soils or collapsible soils. 
In this chapter is presented a review of stress state variables, constitutive relationships, and 
flow  laws  for  unsaturated  soils.  Soil  properties  required  in  the  constitutive  relationships  are 
pointed out. Relationships between the coefficients of volume change and elasticity parameters 
are presented. The implementation of the constitutive equations into two finite element codes is 
illustrated. 
3.3.  Formulation of the Theory of Consolidation for an Unsaturated Soil 
The behavior of unsaturated soils can be explained using the general theory of unsaturated 
soils, through the use of stress state variables, the constitutive relationships for soil structure 
and water phase, and the flow laws for the fluids. 
3.3.1.  Stress State Variables 
The single stress state variable controlling the behavior of a saturated soil is the well accepted 
and  experimentally  verified  Terzaghi’s  effective  stress  (Terzaghi,  1936),  denoted  as   ′,  and 
expressed as: 
            
where: 
  = total normal stress, and 16 
 
   = pore-water pressure. 
There have been several attempts to extend the effective stress equation for unsaturated soils. 
As example, Bishop (1959) defined the stress state in the form of an equation which include the 
pore-air pressure and a soil property: 
                           
where: 
   = pore-air pressure, and 
  = a parameter related to the degree of saturation of soils (called Bishop's parameter). 
However several researchers pointed out some questions about this expression. Jennings and 
Burland  (1962)  suggested  that  Bishop's  equation  did  not  provide  an  adequate  relationship 
between volume change and effective stress for most soils, particularly those below a critical 
degree  of  saturation.  Moreover  it  was  found  that  it  can  be  used  more  accurately  for  shear 
strength behavior than for volume change (Bishop and Blight, 1963). Therefore the research 
was  addressed  to  find  more  than  one  stress  state  variable  to  describe  the  behavior  of 
unsaturated soils. 
Fredlund and Morgenstern (1977) proposed that the constitutive behavior of unsaturated soils 
be described using two independent stress state variables; namely, net normal stress, (      ), 
and  matric  suction,  (       ).  The  validity  of  these  independent  stress  variables  have  now 
become well accepted and forms the basis for the formulations of shear strength and volume 
change problems for unsaturated soils (Fredlund and Rahardjo, 1993). 
 
3.3.2.  Constitutive Relationships 
Volume change constitutive relationships relate the stress state variables to the deformation 
variables of a continuum through the use of elasticity parameters. In general, two constitutive 
relationships are presented to describe the volume change associated with an unsaturated soil; 
one relationship for the soil structure (in terms of volumetric strain) and another for the water 
phase (in terms of degree of saturation or water content). 
3.3.2.1. Soil structure constitutive relationship 
The soil structure constitutive relationship can be presented in various forms such as elasticity 
form and compressibility form. In elasticity form, the relations associated with the normal strains 
in the x-, y-, and z-directions are as follows (Fredlund and Morgenstern, 1976): 
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  = elasticity parameter for the soil structure with respect to a change in the net normal 
stress, (      ), 
  = elasticity parameter for the soil structure with respect to a change in matric suction, 
(       ) 
  = Poisson’s coefficient, and 
  ,  ,   = total normal stress in the x-, y-, and z-directions. 
The constitutive equations associated with the shear deformations are: 
     
   
  			,							     
   
  					,       
   
   
where: 
    = shear stress on the x-plane in the y-direction (i.e.,     =    ), 
    = shear stress on the y-plane in the z-direction (i.e.,     =    ), 
    = shear stress on the z-plane in the x-direction (i.e.,     =    ), and 
G = shear modulus. 
The  constitutive  equations  can  also  be  applied  to  situations  where  the  stress  versus  strain 
relationships are non-linear applying an incremental procedure using small increments of stress 
and strain. Then, the non-linear stress versus strain curve is assumed to be linear within each 
stress and strain increment, while the elasticity parameters, E and H, may vary in magnitude 
from one increment to another.  
The soil structure constitutive relations associated with the normal strains can be written in an 
incremental form as follows: 
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A  change  in  the  volumetric  strain  of  the  soil  for  each  increment,     ,  can  be  obtained  by 
summing the changes in normal strains in the x-, y-, and z-directions: 
                      
where: 
    = change in volumetric strain for each stress increment. 
Substituting the three equations of    	,    and     into that of     gives the volumetric strain 
for a particular loading increment of the general three dimensional loading conditions: 18 
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where: 
      = mean total normal stress [               3 ⁄ ]. 
Fredlund  and  Rahardjo  (1993)  presented  the  constitutive  relationship  for  soil  structure  in  a 
compressibility form for the general, three-dimensional loading conditions: 
        
                   
            
where: 
  
    3 
    
   ,  coefficient  of  volume  change  with  respect  to  a  change  in  net  normal 
stress, 
  
   
 
  , coefficient of volume change with respect to a change in matric suction. 
The unloading constitutive relationship for soil structure is presented graphically in the form of 
constitutive surface in fig. 5. 
 
Fig. 5: Constitutive surfaces for soil structure of an unsaturated soil. 
3.3.2.2. Water phase constitutive relationship 
The water phase constitutive relationship, in an elasticity form, based on a linear combination of 
the stress state variables, can be written as Fredlund and Rahardjo (1993): 
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where: 
   = water volumetric parameter associated with a change in the net normal stress, and 19 
 
   = water volumetric parameter associated with a change in matric suction. 
Using a compressibility form, the constitutive relationship for water phase can be written as 
follows: 
    
  
    
                   
            
where: 
  
   
 
  
 , coefficient of volume change with respect to a change in net normal stress, 
and 
  
   
 
  
 , coefficient of volume change with respect to a change in matric suction. 
The constitutive relationship for water phase is presented graphically in the form of constitutive 
surface in fig. 6. 
 
Fig. 6: Constitutive surfaces for water phase of an unsaturated soil. 
From equation for volumetric strain of soil structure in a compressibility form: 
        
                   
            
the mean net normal stress can be expressed as a function of volumetric strain and matric 
suction, as follows: 
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Using this expression of mean net normal stress, the constitutive relationship for water phase, in 
compressibility form, can be written as: 
    
  
                         
where: 




  , or in the elasticity form, 
 
        
 
        
   
  
   
 
  





          
This equation is similar in form to the constitutive equation for the water phase presented by 
Dakshanamurthy et al. (1984): 
    
   
  






           
                   
where: 
   
 
         
    1   ⁄   3    ⁄   
  is the modulus relating a change in volumetric water content to a change in matric 
suction           ; so it is the same of   . 
This  equation  separates  the  change  in  volumetric  water  content  into  two  components.  One 
component is due to the volumetric strain of the soil, and the other component is due to change 
in matric suction. At full saturation of the soil, the change in volumetric water content is equal to 
the  change  in  volumetric  strain.  Mathematically,  the  fully  saturated  condition  is  satisfied  by 
setting   = 1 and   = 0. 
3.3.2.3. Relationships  between  the  coefficients  of  volume  change  and 
elasticity parameters 
Soil properties required for consolidation/swelling analysis of an unsaturated soil are: 
1) Poisson's ratio,    
2) Elasticity parameter for the soil structure with respect to net normal stress, E 
3) Elasticity parameter for the soil structure with respect to matric suction, H 
4) Elasticity parameter for the water phase with respect to net normal stress, Ew 
5) Elasticity parameter for the water phase with respect to matric suction, Hw 
It is important to note that five fundamental elasticity parameters are required in the constitutive 
equations (E, H, Ew, Hw, and μ). However, there are only four coefficients of volume change 
obtained  from  the  two  constitutive  surfaces  (  
 ,	  
 ,	  
 ,  and    
 ).  Poisson's  ratio  must  be 
measured or assumed in order to convert the coefficients of volume change to the fundamental 
elasticity parameters. 21 
 
The coefficients of volume change can be obtained from the constitutive surfaces (fig. 5 and fig. 
6). The coefficients   
 ,   
  can be obtained by differentiating the constitutive surface for the soil 
structure,  while  the  coefficients    
 ,    
   can  be  obtained  by  differentiating  the  constitutive 
surface for the water phase (Table 1). 
Table 1: definition of the coefficients of volume change 
Soil structure  Water phase 
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The constitutive surfaces can be obtained directly through a laboratory program or estimated 
from other soil properties.  
Then, the coefficients of volume change can be used to calculate the elasticity parameters as 
explained in the above sections. 
3.3.3.  Flow Laws 
In unsaturated soils, two phases are classified as fluids that can flow:  water phase and air 
phase. Flow laws are required to relate the flow rate with the driving potential using appropriate 
coefficients. 
3.3.3.1. Flow of water 
The driving potential for the flow of water is hydraulic head (or total head). The hydraulic head 
consists of the gravitational head and the pressure head: 
    
  
  
    
where: 
   = hydraulic head, 
  
  
 = pressure head, 
   = water pressure, 
  = the unit weight of water, and 
y = the elevation or gravitational head. 
The flow of water in a soil system is commonly described using Darcy's law (1856). Although 
Darcy’s law was originally developed for saturated soils, it has been demonstrated that it can 
also be applied to the flow of water through unsaturated soils (Richards 1931). Darcy stated that 
the rate of water flow through a soil mass was proportional to the hydraulic head (pressure head 
plus elevation head) gradient: 22 
 
          
 




     
where: 
    = Darcy's flux in i-direction, 
    = coefficient of permeability with respect to water phase (hydraulic conductivity) 
   in i-directions, 
 




     = hydraulic head gradient in the i-direction. 
The coefficient of permeability is a measure of space available for water to flow through the soil. 
It  depends upon the properties of the fluid and the properties of the porous medium. For a 
given unsaturated soil it is a function of degree of saturation and void ratio, and it can be written 
as a function of matric suction. 
The  coefficient  of  permeability  function  can  be  directly  measured,  indirectly  computed  or 
estimated by combining the soil-water characteristic curve (SWCC) and the saturated coefficient 
of  permeability  (    ).  In  the following  of  this thesis,  both  the  soil-water  characteristic  curve 
(SWCC) and the coefficient of permeability functions will be estimated through the equations 
formulated by Fredlund and Xing (1994), explained in Chapter 5. 
3.3.3.2. Flow of air 
The driving potential for the flow of air in the continuous air phase is a concentration or pressure 
gradient.  Since the  elevation  gradient  has  a  negligible  effect, the  pressure gradient  is  most 
commonly considered as the only driving potential for the air phase (Fredlund and Rahardjo, 
1993). 
Flow of air through an unsaturated soil is commonly described using a modified form of Fick's 
law: 
        




   = mass rate of air flowing across a unit area of the soil, 
  
∗          1       /   , coefficient of transmission, 
  = transmission constant for air flow through a soil, 
   = air density related to the absolute air pressure, 
  = degree of saturation  
n = porosity of the soil, and 
       ⁄  = pore-air pressure head gradient in the y-direction. 
Similar  to  the  coefficient  of  permeability  with  respect  to  water  phase,  the  coefficient  of 
permeability for the air phase is a function of the fluid (air) and soil volume-mass properties. 
However, unlike water, air properties can no longer be considered as constants. Density and 
viscosity of air are functions of the absolute air pressure. 23 
 
Bear (1972) and Barden and Pavlakis (1971) showed that the coefficient of permeability of air 
remains significantly greater (from five to seven orders of magnitude) than that to water phase 
for almost all water contents. 
Also  Rahardjo  and  Fredlund  (1995),  whose  performed  an  experimental  verification  for  the 
theory of consolidation for unsaturated soils, found that the excess pore-air pressure dissipated 
rapidly when the air-phase was continuous. 
Therefore  air-flow  is  not  a  relevant  process  and,  assuming  air  phase  is  continuous  and 
atmospheric, the Fick's law for air flow will be no longer considered. 
3.3.4.  Basic Equation of Physics 
A rigorous formulation to describe the behavior of an unsaturated soil requires the coupling of 
the following system of equations:  
i.  static equilibrium of the soil medium;  
ii.  the water phase continuity equation; and  
iii.  the air phase continuity equation.  
As said above the flow air process will not be considered, so only static equilibrium equations 
and water phase continuity equation are presented here below. 
3.3.4.1. Equilibrium equations 
The equations of overall static equilibrium for an unsaturated soil can be written as follows: 
              
   
       0 
where: 
    = components of the net total stress tensor,  
    = Kronecker's delta 
   = pore-air pressure 
   = components of the body force vector. 
3.3.4.2. Water continuity equation 
The water continuity equation for an unsaturated soil can be written as follows 
       
  
    ∙          0 
where: 
  = porosity 
  = degree of saturation 
   = water density 
  
 
     
 
     
 
    , the divergence operator, and  24 
 
       
       
       
    , Darcy's flux. 
Water is commonly considered incompressible in geotechnical engineering practice (it means 
the water density is a constant) and the above equation can be written as follows: 
     
  
    ∙        0 
or 
     
  
    ∙        0 
where: 
        , volumetric water content 




       
   
  
   
 
  
       
   
  
   
 
  
       
   
  
     




x, y, z are three Cartesian coordinates, 
  , ,      is the unsaturated hydraulic conductivity in the x, y, z directions, and  
   is the total head of water.  
The  soil-water  characteristic  curve  (SWCC),  which  is  the  relationship  between  soil  suction 
           and  the  volumetric  water  content  (  ),  and  the  unsaturated  permeability  function 
  , ,       define the properties of unsaturated soils. 
3.3.5.  Summary  of  the  Formulation  Theory  for  the  Consolidation  or 
Swelling Process in an Unsaturated Soil 
The consolidation or swelling theory has been presented for an unsaturated soil.  
Consolidation  or  swelling  behavior  can  be  described  through  the  coupling  of  two  physical 
processes: seepage and stress deformation. 
General three-dimensional coupled equations were derived for a continuous air phase and a 
water  phase. The  system  of  three-dimensional  coupled  equations  includes  three  equilibrium 
equations corresponding to three directions of the Cartesian coordinate system, one continuity 
equation for the water phase and one continuity equation for the air phase. This system of 
equations can be solved for five dependent variables: three displacements corresponding to 
three directions of the Cartesian coordinate system, pore-water pressure and pore-air pressure.  
However since three-dimensional case is seldom considered in geotechnical analyses then the 
two-dimensional  plain  conditions  will  be  considered  herein.  Moreover,  the  most  practical 
problems involve a continuous atmospheric air phase, and therefore the continuity equation for 
air  phase  can  be  ignored.  Therefore  the  dependent  variables  for  consolidation  or  swelling 
problem in two-dimensions are the displacement u in the x-direction, displacement v in the y-25 
 
direction and pore-water pressure, u . Corresponding to three dependent variables are three 
governing  equations:  two  are  equilibrium  (i.e.,  stress-deformation)  equations  and  the  third 
equation is the seepage equation. Coupled solutions can be obtained by solving the seepage 
equation and the stress-deformation simultaneously. An uncoupled solution can be obtained by 
solving the seepage equation separately from the stress-deformation equation. 
All  the  soil  properties  associated  with  unsaturated  soils  are  dependent  on  the  stress  state 
variables  of  the  soil  (net  normal  stress  and  matric  suction).  The  elasticity  parameters  are 
calculated  from  the  volume  change  coefficients,  which  are  obtained  by  differentiating  the 
constitutive surfaces.  
3.4.  Numerical  implementation  of  the  volume–mass  versus  stress 
constitutive relations 
The constitutive equations for soil structure and water phase, explained in the above sections, 
were implemented into two existing finite element codes, namely SEEP/W and SIGMA/W, for 
the analysis of the coupled consolidation/swelling in unsaturated soils. The first code, SEEP/W, 
was  developed  for  seepage  analysis,  and  SIGMA/W  was  developed  for  stress-deformation 
analysis. 
The following additional simplifying assumptions were made  when developing the numerical 
solution:  
1.  a two dimensional space domain is considered 
2.  the pore air pressure is atmospheric and remains unchanged during an analysis 
The first assumption limits the resolution of the governing equations to the 2-D plain case. The 
second  assumption  simplifies  the  mathematical  formulation  by  nullifying  the  necessity  of 
modelling the flow of air through the soil medium. This is supported by experimental results 
(Rahardjo and Fredlund (1995)) showing an essentially instantaneous dissipation of the excess 
pore-air pressure for the unsaturated soils tested. 
3.4.1.  Soil structure constitutive relation  
To incorporate constitutive equation for soil structure into the stress analysis, the strain–stress 
































































































































∆ is used to denote increments 
  = elasticity parameter for the soil structure with respect to a change in the net normal 
stress, (      ), and 26 
 
  = elasticity parameter for the soil structure with respect to a change in matric suction, 
(       ) 
  = Poisson’s coefficient 
Alternatively, this incremental stress-strain relationship can be written as: 
 ∆         ∆                         ∆    
where: 






H =  
If  it  can  be  further  assumed  that  air  pressure  remains  atmospheric  at  all  times,  the  above 
equation becomes: 
 ∆         ∆               
On  the  other  hand,  for  a  soil  element  which  is  fully  saturated,  the  total  stress  on  the  soil 
structure is given by: 
 ∆         ∆        ∆   
where: 
    is the unit isotropic tensor, 〈1	1	1	0〉. 
Comparing these last two equations, it can be seen that, when the soil is fully saturated (S = 
100%): 
              
For a linearly elastic material, this condition is satisfied when: 
   
 
 1   2  
 
providing, therefore, a limiting value for the H modulus. 
3.4.2.  Water phase constitutive relation  
The constitutive relationship for the water phase can be written in the following incremental 
form: 
∆      ∆      ∆          
where: 
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    1   ⁄   3    ⁄   
  is the modulus relating a change in volumetric water content to a change in matric 
suction          .  
Since a soil-water characteristic curve (SWCC) is a graph showing the change of volumetric 
water content corresponding a change in matrix suction,          , the parameter R can be 
obtained from the inverse of the slope of the soil-water characteristic curve (SWCC).  
Substituting the above ‘water phase constitutive relationship’  into the continuity equation for 
water flowing in a soil element provides an independent partial differential equation, that for the 
2-D case can be written as follow: 
 
  
       
   
  
   
 
  
       
   
  
       
   
  
   





       
   
  
   
 
  
       
   
  
       
   
  
   
   
  
  
At full saturation of the soil, the change in volumetric water content,	∆  , is equal to the change 
in volumetric strain, ∆  . This condition is satisfied by setting   equal to zero, and   equal to 
one. 
3.4.3.  Computed material parameters 
In SIGMA/W 2007, H and R are compute from the specified E-modulus and Poisson’s ratio  . 
E and H are related by the equation: 
   
 
 1   2  
 
Currently SIGMA/W adopts this relationship for both saturated and unsaturated conditions, and 
so it computes H once an E value is specified. However this is fundamentally correct only for 
saturated  conditions.  For  unsaturated  conditions  the  relationship  is  much  more  complex  as 
shown  in  a  paper  by  Vu  and  Fredlund  (2006).  Vu  and  Fredlund  (2006)  presented  a  highly 
rigorous formulation for modeling the volume changes that may occur in swelling soils due to 
changes  in  suction;  in  their  publication  many  of  the  material  properties  associated  with  the 
formulation are three-dimensional constitutive surfaces such as illustrated in fig. 7. 28 
 
 
Fig. 7: elasticity parameter functions for Regina clay (Vu and Fredlund (2006)). 
Even if the actual geotechnical softwares dealing unsaturated soil mechanic have not as yet 
reached the level of rigor proposed by Vu and Fredlund, Krahn (2012) found that reasonable 
heave predictions can be made with the current SIGMA/W formulation as compared with results 
obtained  by  Vu  and  Fredlund  more  rigorous  formulation.  So  the  current  SIGMA/W 
implementation is adequate for practical field problems. 
3.4.4.  Uncoupled  and  coupled  solutions  of  soils  behavior  subjected  to 
water flow 
In  unsaturated  soils  the  transient  flow  of  water  changes  the  stress  state  in  the  soils. 
Consequently, soil structure deforms in response to the changes in stress state and comes to a 
new equilibrium state. The associated deformations alter the space available for the flow of 
water,  resulting  in  new  hydraulic  properties  for  the  soil.  These  changes  make  the  transient 
process  of  water  flow  highly  non-linear.  The  interdependence  between  water  flow  and 
deformation  process  can  be  demonstrated  through  the  coupling  of  the  basic  equations  of 
physics: equilibrium equation and water continuity equation. 29 
 
Solutions  to  these  consolidating/swelling  soil  equations  can  be  obtained  either  by  using  a 
coupled approach or an uncoupled approach.  
A rigorous solution of the volume change in soils requires that both the equilibrium equation and 
continuity  equation  be  considered  simultaneously  (coupled  approach).  However,  sometimes 
valid approximate solutions can be obtained by considering the two processes independently 
(uncoupled  approach),  avoiding  problems  of  numerical  instabilities  and  saving  computation 
time. 
3.4.4.1. Coupled Solutions  
In the coupled approach the water phase continuity (seepage) equation and the equilibrium 
(stress-deformation) equations are solved simultaneously, and the dynamic interdependence 
between the seepage and deformation problems is fully considered. There are three dependent 
variables: the displacements (u and v) and the pore-water pressure (  ). Boundary conditions 
of both the water continuity equation (i.e., pore-water pressure and water flux) and equilibrium 
equations  (i.e.,  displacements  and  loads)  must  be  defined.  Soil  properties  (elasticity 
parameters) are calculated as function of both net stresses and matric suction.  
The results of the analysis are displacements and pore-water pressure with time. From their 
values  induced  stresses  and  water  fluxes  can  be  obtained  at  any  time  during  the  transient 
process. 
3.4.4.2. Uncoupled Solutions  
In the uncoupled approach, the water phase continuity (seepage) equation is solved separately 
from the equilibrium (stress-deformation) equations. The interdependence of the equations is 
made in an iterative manner: the flow portion of the formulation is solved for a given time period, 
then the resultant pore-water pressure changes are used as input in a deformation analysis. In 
turn,  volume  changes  and  induced  stresses  from  the  deformation  analysis  are  used  in  the 
computation of the soil properties for the next time period in the seepage analysis. At each 
given time period, the elasticity parameters are calculated at the initial conditions of current 
period, and assumed to remain unchanged over the current time increment.  
For  seepage  analyses,  the  dependent  variable  is  always  pore-water  pressure  (or  hydraulic 
head). Net normal stress is assumed to be unchanged in the seepage analysis; therefore, the 
elasticity parameters for water phase, Ew and Hw  (or only Hw=R if the Dakshanamurthy et al. 
(1984)  formulation  constitutive  relation  is  used),  and  the  coefficient  of  permeability,    ,  are 
functions of only matric suction, rather than both matric suction and net normal stress. Boundary 
conditions for seepage can be either pore-water pressure (or hydraulic head) type or water flux 
type. 
Since with the uncoupled approach the seepage analysis can be analyzed without accounting 
for changes in net normal stress for the whole time interval considered, then in this case the 
seepage equation has the following form: 
∂
∂x
 K  θ  
∂h 
∂x
   
∂
∂y
 K  θ  
∂h 
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  = coefficient of water volume change with respect to a change in matric suction 
 u    u   30 
 
Again, because soil volume change and induced stresses are assumed to be negligible in the 
seepage analysis, then the soil water characteristic curve (SWCC) can be used to represent the 
whole water phase constitutive surface. 
For the stress-deformation analysis, dependent variables are horizontal displacement, u, and 
vertical displacement, v. In addition to Poisson's ratio, only two elasticity parameters, E and H, 
for soil structure need to be described as functions of matric suction at unchanged initial net 
normal  stress.  The  elasticity  parameters  for  water  phase,  Ew  and  Hw,  and  coefficient  of 
permeability,   , are no longer needed for stress deformation analysis. Boundary conditions for 
the stress-deformation analyses can be either of the displacement type or load type. Results of 
the stress-deformation analysis provide the displacements and induced stresses due to applied 
boundary conditions and changes in pore-water pressure. 
Solutions using the uncoupled approach depend on the magnitude of chosen time intervals 
(steps) for seepage analysis. Short time intervals allow the stress state in the soils and the soil 
properties to be described more accurately with time and result in more accurate pore-water 

















Theory of Slope Stability  
4.1.  Introduction 
Slopes  either  occur  naturally  or  are  engineered  by  humans.  Slope  stability  problems  have 
always been throughout the history due to the action of men or nature that have broken the 
delicate balance of natural soil slopes. Furthermore, in the last decades the increasing demand 
for engineered cut and fill slopes on construction projects has increased the problems of slope 
stability  that  has  to  be  faced.  Therefore  analytical  methods  for  slope  stability  analyses, 
investigative tools, and stabilization methods have evolved in geotechnical engineering followed 
closely by the developments in soil mechanics.  
4.2.  Basic concepts applied to slope stability 
4.2.1.  Saturated soil stresses 
The discovery of the principle of the effective stress by Terzaghi in 1920s marks the beginning 
of  modern  soil  mechanics. This  concept  is  very  relevant  to  problems  associated  with  slope 
stability. Consider three principal stresses,   ,   , and    at any point in a saturated soil mass 
and let    be the pore water pressure at that point. Changes in the total principal stresses 
caused  by  a  change  in  the  pore  water  pressure      (also  called  the  neutral  stress)  have 
practically  no  influence  on  the  volume  change  or  on  the  stress  condition  for  failure. 
Compression, distortion, and a change of shearing resistance result exclusively from changes in 
the effective stresses,   
 ,   
 , and   
 , which are defined as: 
  
           ,       
           ,   and           
            
Therefore, changes in    lead to changes in effective stresses. It is the effective stress that 
controls the behavior of soil rather than the total stress or pore water pressure. 
4.2.2.  Saturated shear strength 
Slope  materials  have  a  tendency  to  slide  due  to  shearing  stresses  created  in  the  soil  by 
gravitational  and  other forces (water flow,  seismic  activity,  applied  loads,  as  example). This 
tendency  is  thwarted  by  the  shear  strength  of  the  slope  materials  expressed  by  the  Mohr-
Coulomb theory as (fig. 8-a): 
            tan  
where: 
   = total shear strength at failure of the soil 
  = total cohesion of soil 
   = total normal stress acting on failure plane 
  = total angle of internal friction. 32 
 
And in terms of effective stresses (fig. 8-b): 
  ′                tan ′ 
where: 
  ′ = drained shear strength at failure of the soil 
  = effective cohesion  
   = total normal stress acting on failure plane 
  = pore water pressure 
 ′ = angle of internal friction in terms of effective stress. 
 
Fig. 8: Failure envelopes for total stresses (a), and effective stresses (b). 
4.2.3.  Unsaturated soil stresses 
The principle of effective stress is applicable for saturated soils. For unsaturated soils, the water 
phase fills only parts of the pore volume,  whereas the remainder is covered by air. Bishop 
(1959)  has  modified  Terzaghi’s  classical  effective  stress  theory  and  presented  the  matric 
suction coefficient ( ) for the effective stress of unsaturated soils: 
                           33 
 
Where    and   are, correspondingly, the effective and total stress,    is the pore air pressure, 
and    is pore water pressure. The term           is called matric suction and   is the matric 
suction  coefficient  and  varies  from  0  to  1  covering  the  range  from  dry  to  fully  saturated 
conditions. 
For fully saturated soil (  = 1), the effective stress equation becomes: 
              
and for completely dry soil (  = 0) the effective stress equation is: 
              
By assuming that the pore air pressure is constant and is small enough to be neglected (     
0), consequently for a dry soil, effective stress and total stress are the same. The matric suction 
coefficient  ( )  is  usually  obtained  from  laboratory  tests  on  both  saturated  and  unsaturated 
samples. Because the laboratory tests on unsaturated soils are expensive, time consuming and 
difficult to carry out, Oberg and Sallfors (1997) and Vanapalli et al. (1996) suggested that the 
factor   can approximately be replaced by the degree of saturation ( ). In fig. 9 examples of 
experimental  data  are  plotted  together  with  approximations  suggested  in  the  literature 




Fig. 9:       relationship – experimental data (above);       relationship (Vanapalli et al. (1996)) (below). 
As alternative to the Bishop equation for the effective stress, Fredlund and Morgenstern (1977) 
proposed that the constitutive behavior of unsaturated soils be described using two independent 
stress state variables; namely, net normal stress, (      ), and matric suction, (       ). The 
validity of these independent stress variables have now become well accepted and forms the 
basis for the formulations of shear strength and volume change theory for unsaturated soils. 
4.2.4.  Shear strength for unsaturated soils 
The shear strength equation for unsaturated soils is an extension of the Mohr-Coulomb failure 
criterion into the third dimension as shown in fig. 10. The shear strength for an unsaturated soil 
consists of an effective cohesion,  ′, and independent strength contributions from the stress 
state variables of net normal stress,         , and matric suction,          . Here is presented 
the shear strength equation proposed by Fredlund et al. (1978), which is given as follows: 
                    tan                tan   
where: 
   = shear stress on the failure plane at failure; 
   = intercept of the “extended” Mohr-Coulomb failure envelope on the shear stress axis 
where the net normal stress and the matric suction at failure are equal to zero; also 
referred to as “effective cohesion''; 
          = net normal stress state on the failure plane at failure; 
   = total normal stress on the failure plane at failure; 
    = pore-air pressure on the failure plane at failure; 
    =  angle  of  internal  friction  associated  with  the  net  normal  stress  state  variable,         
        ; 35 
 
           = matric suction on the failure plane at failure; 
    = pore-water pressure on the failure plane at failure; 
    =  angle  indicating  the  rate  of  increase  in  shear  strength  relative  to  the  matric 
suction,	         ; 
So, for unsaturated soils the effect of suction can be seen as an increase of the cohesion. In 
fact, for a given matric suction value, the cohesive strength can be considered as composed of 
two  components;  namely,  effective  cohesion  (  )  and  an  apparent  cohesion  due  to  matric 
suction: 
                    tan   
where:  
  = total cohesion intercept of the “extended” Mohr-Coulomb failure envelope on the 
shear stress axis, for a given matric suction value           ; 
   = effective cohesion; 
           tan   = apparent cohesion. 
During  rainfall  events,  the  material  becomes  partially  or  totally  saturated  and  the  apparent 
cohesion  is  reduced,  which  would  be  responsible  for  the  initiation  of  failure.  To  make  a 
quantitative evaluation of this reduction, it is necessary to formulate a model of the response of 
pore water pressure to the infiltration flux. The response of pore water pressure is extremely 
complex and depends on a number of factors including the initial suction distribution within the 
soil, the soil–water characteristic curve, and the permeability function of the soil. 
 
Fig. 10: Failure envelope for unsaturated soils. 36 
 
The  angle    ,  expressing  the  rate  of  strength  increase  related  to  matric  suction,  can  be 
evaluated, for a specific soil, in the following manner: 
              	   	 ′ /           
where:  
  = the total cohesion usually determined by the in-situ Borehole shear tests (BST),  
 ′ = the effective cohesion usually determinable by the triaxial tests, and  
          = the matric suction measured by the in-situ tensiometer. 
When the soil becomes saturated, the pore-water pressure equals the pore-air pressure and the 
shear strength equation takes on the form for saturated soils: 
      ′             tan ′ 
4.2.5.  Shear strength on “p’-q” diagram  
Another most commonly used way to represent the Mohr-Coulomb failure envelope is with a “p’-
q” diagram. The quantities p’ and q are stress invariants and they are defined as: 
effective mean stress        
 
   ′     ′     ′   
deviator stress         ′  
 
√    ′     ′        ′     ′        ′     ′     ,  
where: 
 ′ , ′ , ′  = the effective principal stresses  
The “p’-q” diagram is useful to plot the results of triaxial shear tests and then determine the 
Mohr-Coulomb shear strength parameters. In case of triaxial shear tests  ′     ′  and the two 
stress invariants can be expressed as: 
    
 
   ′    2	 ′                                          (1) 
           ′     ′                                           (2) 
The failure envelope line, for a cohesive-frictional soil, has the following equation (fig. 11): 
      ̅     ∙	  
                                                 (3) 37 
 
 
Fig. 11: Failure envelopes on “p’- q” diagram 
Substituting the equations 1 and 2 into the equation 3, it is obtained: 
  ′     ′       ̅     ∙	
  ′    2	 ′   
3
 
and from algebra: 
 ′      ′  
    
     
  ̅
                                          (4) 
On the other end, the common expression of the Mohr-Coulomb failure envelope: 
  ′         ′  ∙ tan ′ 
can also be expressed as: 
  ′     ′        ′     ′    ∙ sin ′   2	   cos ′ 
and from algebra: 
 ′      ′  
       
          2 ′
     
                                   (5) 
Equaling expressions 4 and 5, it is obtained: 
    
     
       
                                                             (6) 
and 
  ̅
      2 ′
     
                                                         (7) 
From equation 6, the coefficient M can be derived as: 
   
6 ∙ sin  
3   sin   
and substituting into equation 7, the coefficient  ̅ is derived as: 38 
 
 ̅  
6	  cos ′
3   sin ′
 
The above value of M is valid for compression triaxial shear tests. 
If expansion triaxial shear tests are carried out, then the relation for M is the following: 
        
6 ∙ sin  
3   sin   
4.3.  Slope stability considerations for embankment design 
The  first  criterion  to  be  satisfied  in  the  design  of  an  embankment  is  the  stability  of  the 
embankment side slopes. Practically all slope stability analyses are based on the concept of 
limit equilibrium, expressed with the following equation: 





   = shear strength of the soil, expressed in terms of total stress (  ) or effective stress 
(  ′), according to the type of analysis; 
   = mobilized shear stress along the assumed failure surface; 
   = factor of safety. 
Therefore the factor of safety is defined as the ratio of available strength to applied shear stress 
along a surface of unit thickness beneath the free surface of the slope. Each slope has a family 
of such slip surfaces. The surface with the minimum factor of safety is referred to as the critical 
surface. If the factor of safety on the critical surface is greater than one, the slope is considered 
stable. Conversely, if the factor of safety on the critical surface is less than one, the slope is 
considered unstable.  
Factors that complicate the relationship between the critical surface and the expected failure 
surface include: 
·  the deviations of the soil shear strength behavior from the mathematical models used to 
quantify it. 
·  errors inherent in the way slope stability analysis methods calculate the normal stresses 
along the trial surface. 
·  additional resistance due to end effects in actual three-dimensional surfaces. 
Typically,  in  the  slope  stability  analysis  of  a  compacted  embankment  the  shear  strength  is 
assumed to be a constant everywhere into the embankment. Usually a shear strength envelope 
is obtained by using peak values of the deviatoric stress from triaxial tests run to simulate in-situ 
conditions. However, the soil in the slope may only be able to sustain a reduced deviatoric 
stress  because  of  strain  softening.  Since  the  states  of  stress  and  strain  vary  greatly  from 
position to position within an embankment, it is unlikely that the maximum values of the strength 
envelope can be developed simultaneously along any trial surface on which the factor of safety 39 
 
is to be evaluated. Therefore, using a strength envelope based on peak values of the deviatoric 
stress will usually result in an overestimate of the safety factor. 
The factor leading to the failure of the slopes may be classified into two categories:  
·  the factors which cause an increase in shear stresses. 
·  the factors which cause a decrease in the shear strength. 
The stress may increase due to weight of water causing saturation of soils, surcharge loads, 
seepage pressure or any other cause. The stresses are also increased due to steepening of 
slopes either by excavation or by natural erosion. 
Other factors cause a decrease in the shear strength of the soil. The loss of shear strength may 
occur  due  to  an  increase  in  water  content,  increase  in  pore  water  pressure,  shock  loads, 
weathering or any other cause. 
As matter of fact, a lot of both natural and artificial slope failures occur during rainy season, as 
the presence of water causes both increased stresses and the loss of strength. 
4.4.  Slope Stability Analyses 
All kinds of stability analysis consist in the following steps: 
1.  determination of the potential failure surface 
2.  determination of the forces that tend to cause slip 
3.  determination of the forces that tend to restore (stabilize) 
4.  determination of the available margin of safety 
The slopes can, generally, be classified in two  main different types: infinite slope and finite 
slope. Infinite slopes have dimensions that extend over great distances and the soil mass which 
is inclined to the horizontal. Finite slopes are characterized by a limited height with a base and a 
top  surface;  all  the  inclined  faces  of  earth  dams,  embankments  and  excavations  are  finite 
slopes. 
These two types of slopes are treated differently from the stability analysis point of view.  
4.4.1.  Infinite slope stability analysis method 
Here failure is assumed to occur along a plane parallel to the surface, and if different strata are 
present strata boundaries are assumed to be parallel to the surface (fig. 12). 40 
 
 
Fig. 12: Infinite slope in layered soils 
Three cases of stability analysis of infinite slopes can be considered: 
i.  the case in which the slope is made of cohesionless soil 
ii.  the case in which the slope is made of cohesive soil 
iii.  the case in which the slope is made of cohesive-frictional soil 
4.4.1.1. Infinite slopes in dry cohesionless soils 
A typical slice through the potential failure zone of a slope in a dry cohesionless soil (dry sand) 
is shown in fig. 13, along with its free body diagram. The weight of the slice of width b and 
height h having a unit dimension into the page is given by: 
     	 	  
where   is the unit weight of the dry soil. For a slope with angle   as shown in fig. 13, the 
normal (N) and tangential (T) force components of W are determined as follows: 
      cos               and                   sin  
 
Fig. 13: Infinite slope failure in dry cohesionless soil 41 
 
The available shear strength along the failure plane is given by: 
 	   	 	   	  
The factor of safety (FS) is defined as the ratio of available shear strength to applied shear 
stress. Thus, the FS will be given by: 
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The FS is independent of the slope depth, h, and depends only on the angle of internal friction, 
 , and the angle of the slope,  . The slope is said to have reached limit equilibrium when 
FS=1,0. 
4.4.1.2. Infinite slope in pure cohesive soil 
The shear stress along the base of the slice is: 













sin cos   
 	 	 
 
sin cos     	 	sin cos  
The Mohr Coulomb shear strength is: 
          tan         (pure cohesive soil) 
Thus, the FS will be given by: 





 	 	sin cos 
 
In this case the FS is directly proportional to the cohesion and inversely proportional to unit 
weight and the depth of slip surface (h). 
4.4.1.3. Infinite slope in cohesive frictional soil 
Consider an infinite slope, with slope angle  , in a cohesive frictional soil as shown in fig. 14. 42 
 
 
Fig. 14: Infinite slope in c-	  soil, and relation between strength envelope and angle of repose. 
The strength envelope for the cohesive frictional soil is              tan . If the slope angle b  is 
less than  , slope will be stable for any depth. 
When the slope angle      , the slope will be stable up to a depth Z=Zc corresponding to point 
P in fig. 14. The point P corresponds to the depth at which the mobilized shear stress will be 
equal to the available shear strength. 
At P: 
         	      
         	   	     	tan  
the mobilized shear stress is: 
      	  	sin cos . 
Equating τ  and   , because at the point P the FS is equal to one, it is obtained: 
 	  	sin cos        	   	     	tan  
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  tan       
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Therefore the critical depth Zc is proportional to cohesion ( ) for a given value of slope angle (b) 




4.4.1.4. Infinite slopes in cohesive frictional soils with parallel seepage 
If a saturated slope in a cohesive frictional soil has seepage parallel to the surface of the slope 
as shown in fig. 15, always the limit equilibrium concepts may be applied to determine the FS, 
which now will depend on the effective normal force (N'). In the following analysis, effective 
shear strength parameters,  ′ and  ′ are used. 
 
Fig. 15: Infinite slope failure in a cohesive frictional soil with parallel seepage. 
From fig. 15, the pore water force acting on the base of a typical slice having a unit dimension 
into the page is: 
        	      
 
cos 
     	 cos 	 
The available frictional strength, S, along the failure plane will depend on  ′ and the effective 
normal force, N' =N-U, where N is the total normal force. The equation for S is: 
        
cos 
         tan   
The factor of safety for this case will be: 
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By substituting         	    into the above expression and rearranging terms, the FS is given 
by: 
    
                      tan  






4.4.2.  Finite slope stability analysis method 
Investigation of the stability of finite slopes involves the following steps: 
1.  assuming a possible slip surface, 
2.  studying the equilibrium of the forces acting on this surface, and 
3.  repeating the process until the worst slip surface, that is the one with minimum margin of 
safety, is found. 
There are several available methods that can be used to perform a circular arc stability analysis 
for an embankment. The simplest basic method is known as the Normal or Ordinary Method of 
Slices,  also  known  as  Fellenius’  method  (Fellenius,  1936)  or  the  Swedish  circle  method  of 
analysis. For this method, the failure surface is assumed to be the arc of a circle. The soil above 
the surface of sliding is divided into a number of vertical parallel slices (fig. 16) and the stability 
of  each  slices  is  calculated  separately.  This  is  a  versatile  technique  in  which  the 
nonhomogeneity of the soil and pore water pressure can be taken into consideration. It also 
accounts for the variation of the normal stress along the potential failure surface. The factor of 
safety is defined as the ratio of the moment of the total available resisting forces on the trial 
failure surface to the net moment of the driving forces due to the embankment weight. 
 
Fig. 16: Method of Slices – slip circle divided into slices 
Nowadays there are different methods of slices. Each method is based on different assumptions 
regarding  the  interslice  forces  and  the  equilibrium  equations  solved  (moment  and/or  forces 
equilibrium equation). 
4.4.2.1. The Ordinary Method of Slices 
The basic static forces on a typical slice are shown in fig. 17. The Ordinary Method of Slices 




Fig. 17: Typical static forces on a slice of sliding mass without seepage 
The following assumptions are then made in the analysis using Ordinary Method of Slices: 
1.  the available shear strength of the soil can be adequately described by the Mohr-
Coulomb equation: 
 	   	 ′	     	–	   tan ′ 
2.  the factor of safety is the same for all slices; 
3.  the factors of safety with respect to cohesion (c’) and friction (tan ′) are equal;  
4.  the water pressure (  ) is taken into account by reducing the total weight of the slice 
by the water uplift force acting at the base of the slice. 
As just said, in this method all interslice forces are ignored. The slice weight is resolved into 
forces parallel and perpendicular to the slice base: 
 	  	   cos 		        ,          ′	      cos 	–	    
 	  	  	sin 	 
where: 
N = total normal force acting against the slice base 
N′ = effective normal force acting against the slice base 
T = the component of total weight of the slice,   , acting tangent to the slice base 
The  effective  force  perpendicular  to  the  slice  base  is  used  to  compute  the  available  shear 
strength along all the slip surface: 
     	 	      ′tan ′    	 	         cos 	–	    tan ′ 
where   and   are geometrical parameters defining the trial slip surface. 
The weight component parallel to the slice base (T) is the gravitational driving force.  
Summation of moments about a point used to describe the trial slip surface is also used to 
compute the factor of safety. The factor of safety is the ratio of the moment of the total available 
shear strength along the slip surface divided by the net moment of the gravitational driving 
forces (mobilized shear): 
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4.4.2.2. Other Methods 
There are many other methods available for performing a slope stability analysis besides the 
Ordinary Method of Slices. These include the Bishop  Method (Bishop, 1955), the Simplified 
Janbu Method (Janbu, 1954), the Morgenstern-Price Method (1965) and the Spencer Method 
(Spencer,  1967).  These  methods  are  primarily  variations  and  refinements  of  the  Ordinary 
Method of Slices. The differences among these more refined methods lie in the assumptions 
made regarding the interslice shear and normal forces acting on the sides of slices, and they 
differentiate for what equations of statics are included and satisfied.  
The Bishop Method, also known as the Simplified Bishop Method, includes interslice normal 
forces (I ) but ignores interslice shear (I ) forces. Again, Bishop’s method satisfies only moment 
equilibrium. Of interest and significance with this method is the fact that by including the normal 
interslice forces, the factor of safety equation became nonlinear and an iterative procedure was 
required to calculate the factor of safety, as for the following methods. 
The Simplified Janbu Method is similar to the Bishop Method in that it includes the interslice 
normal  (I )  forces  and  ignores  the  interslice  shear  (I )  forces.  The  difference  between  the 
Bishop Method and the Simplified Janbu Method is that the Simplified Janbu Method satisfies 
only horizontal force equilibrium, as opposed to moment equilibrium.  
Later,  the  introduction  and  development  of  the  computers  made  it  possible  to  more  readily 
handle  the  iterative  procedures  inherent  in  the  limit  equilibrium  method,  and  this  lead  to 
mathematically  more  rigorous  formulations  which  include  all  interslice  forces  and  satisfy  all 
equations  of  statics.  Two  such  methods  are  the  Morgenstern-Price  (1965)  and  Spencer 
methods (1967). They consider both normal and shear interslice side forces as well as forces 
and moments static equations together. Therefore they are theoretically more rigorous than the 
other previous methods. 
The interslice shear forces can be handled with the general equation proposed by Morgenstern 
and Price (1965): 
 	   	  	 	   	
where: 
     = a function, 
  = the percentage (in decimal form) of the function used, 
  = the interslice normal force, and 
 	= the interslice shear force. 
One of the key issues is knowing how to define the interslice function     . 
The factor of safety equation with respect to moment equilibrium is: 
     
∑                 	tan ′ 
∑     ∑  
 
The factor of safety equation with respect to horizontal force equilibrium is: 
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The terms in the equations are: 47 
 
 ′ = effective cohesion 
 ′ = effective angle of friction 
  = pore-water pressure 
N = slice base normal force 
W = slice weight 
  = ray of the circular slip surface 
  = length of the slice base 
  = the horizontal distance from the centerline of each slice to the center of rotation 
  = arm of N respect to center of rotation 
  = inclination of slice base 
One of the key variables in both equations is N, the normal at the base of each slice. This force 
equation  is  obtained  by  the  summation  of  vertical  forces,  thus  vertical  force  equilibrium  is 
consequently satisfied. In equation form, the base normal is defined as: 
   
                   sin      sin 	tan ′
  
cos    sin tan ′
  
 
   is     when N is substituted into the moment factor of safety equation and    is     when N 
is substituted into the force factor of safety equation. The base normal equation cannot be 
solved directly, since the factor of safety (  ) and the interslice shear forces, (   and   ) are 
unknown. Consequently, N needs to be determined using an interactive scheme. 
It is worth noting that since N is dependent on the interslice shear forces    and    on either 
side of a slice, then it is consequently different for the various methods, depending on how each 
method deals with the interslice shear forces. Spencer Method only consider a constant  /  
ratio  for  all  slices,  which  in  the  above  formulation  corresponds  to  a  constant  (horizontal) 
interslice  force  function  (    ).  The  Morgenstern  and  Price  method  can  utilize  any  general 
appropriate function: the most commonly used function is the half-sine function. 
There is one characteristic in the two factor of safety equations and the base normal equation 
that have a profound consequence. In the end there is only one factor of safety for the overall 
slope.     and     are the same when both moment and force equilibrium are satisfied, and 
this same value appears in the equation of N. This also means the factor of safety is the same 
for each and every slice. 
The diffusion of powerful desktop personal computers made economically  viable to develop 
commercial software products based on these techniques, and the ready availability today of 
such  software  products  has  led  to  the  routine  use  of  limit  equilibrium  stability  analysis  in 
geotechnical engineering practice. 
Modern  limit  equilibrium  software  such  as  SLOPE/W  is  making  it  possible  to  handle  ever-
increasing complexity in the analysis. It is now possible to deal with complex stratigraphy, highly 
irregular  pore-water  pressure  conditions,  a  variety  of  linear  and  nonlinear  shear  strength 
models,  virtually  any  kind  of  slip  surface  shape,  concentrated  loads,  and  structural 
reinforcement. 48 
 
4.4.2.3. Considerations about the Methods of Slices 
The limit equilibrium methods of slices require iterative techniques to solve the nonlinear factor 
of safety equations. In the Morgenstern-Price or Spencer methods, as example, a second level 
of iterations (because two equations of statics are considered) is required to find the slice forces 
that result in the same     and    . Fundamentally, the iterations are required to meet two 
conditions, namely: 
1.  To find the forces acting on each slice so the slice is in force equilibrium, and 
2.  To find the forces on each slice that will make the factor of safety the same for each 
slice. 
This  means  that  interslice  and  slip  surface  forces  are  not  necessarily  representative  of  the 
actual insitu conditions, but they are the forces that satisfy the above two conditions for each 
slice. Fortunately,  even  though  the  slice forces  are  not realistic  locally,  the global factor of 
safety is nonetheless realistic because, once all the mobilized and resisting shear forces are 
integrated along the slip surface, the local irregularities are smoothed out. However the fact 
remains that in the limit equilibrium formulation the factor of safety (FS) is assumed to be the 
same for each slice and this is actually not correct. In reality the local factor of safety varies 
significantly, as the percentage of strength mobilized cannot be the same everywhere. Forcing 
the factor of safety to be the same for all slices over-constrains the problem, with the result that 
computed stresses are not always representative. 
This  fact  can  be  more  clearly  highlighted  saying  that  the  limit  equilibrium  limitations  arise 
principally from not considering strain and displacement compatibility: it lacks of a stress-strain 
constitutive  relationship  to  ensure  displacement  compatibility.  This  has  two  serious 
consequences.  One  is  that  local  variations  in  safety  factors  cannot  be  considered,  and  the 
second is that the computed stress distributions are often unrealistic. 
One  way  to  overcomes  this  gap  (lack  of  a  stress-strain  constitutive  relationship  to  ensure 
displacement compatibility) is to use finite element computed stresses instead of determining 
the stresses from equations of statics, as limit equilibrium method does. This type of scheme 
has been implemented in GeoStudio software. Stresses computed by SIGMA/W can be used in 
SLOPE/W to compute the factor of safety.  
4.4.2.4. Finite Element Stress-Based Method 
Finite element stress-based method include a stress-strain relationship in a stability analysis. 
First it establishes the stress distribution in the ground using a finite element analysis (using 
SIGMA/W) and then uses these SIGMA/W stresses in a stability analysis (with SLOPE/W) to 
compute the safety factors. The following is a description of the implemented procedure. 
Using a simple gravity turn-on technique, the stresses in the ground can be computed using an 
elastic-plastic constitutive relationship, as example. The basic information obtained from a finite 
element  stress  analysis  is   ,	    and      within  each element. The finite  element-computed 
stresses can be imported into a conventional limit equilibrium analysis. The stresses   ,	  ,     
are  known  within  each  element,  and  from  this  information  the  normal  and  mobilized  shear 
stresses can be computed at the base mid-point of each slice. The procedure is as follows: 
1.  With the known   ,	   and     at each node of an element, the same stresses can be 
computed at any other point within the element. 49 
 
2.  For Slice 1, find the element that encompasses the x-y coordinate at the base mid-
point of the slice. 
3.  Compute   ,	   and     at the mid-point of the slice base. 
4.  The  inclination  ( )  of  the  base  of  the  slice  is  known  from  the  limit  equilibrium 
discretization. 
5.  Compute the slice base normal and shear stress using ordinary Mohr circle techniques. 
6.  Compute the available shear strength from the computed normal stress. 
7.  Multiply the mobilized shear and available strength by the length of the slice base to 
convert stress into forces. 
8.  Repeat process for each slice of the sliding mass. 
Once the mobilized and resisting shear forces are available for each slice, the forces can be 
integrated over the length of the slip surface to determine a stability factor. The stability factor is 
defined as: 




where,    is the total available shear resistance and    is the total mobilized shear stress along 
the entire length of the slip surface. 
The differences in the factor of safety obtained with the two methods (traditional limit equilibrium 
method  and  Finite  element  stress-based  method)  are  primarily  related  to  the  normal  stress 
distribution along the slip surface. For a particular slip surface, significant differences in the 
normal stress distributions occur where there are shear stress concentrations (usually in the toe 
area  of  a  slope).  In  fact,  localized  shear  stress  concentrations  are  not  captured  in  a  limit 
equilibrium formulation where the slice base normal is derived primarily from the slice weight. 
This is one of the limitations of the limit equilibrium method. As consequence, only using such 
Finite Element Stress-based method is possible to have a variable local slice factor of safety 
and one can looks at the variations along the slip surface to understand which zones are more 
stressed.  
In some cases the two global factors of safety (obtained with the limit equilibrium and the FE 
stress-based methods) can be almost identical even if locally the slice safety factors, obtained 
with the FE stress-based method, may be either smaller or greater than the global value. This is 
because integrating the available shear resistance and the mobilized shear stress along the slip 
surface averages the variations, making the two factors of safety nearly the same. 
Also, using FE stresses allows to handle a possible soil-structure interaction in a direct manner 
without  need  to  introduce  point  loads  to  represent  the  structure  resistance  as  in  a  limit 
equilibrium analysis; the stiffness of the structure is directly included in the finite element stress 
analysis, which alters the stress state in the soil, and in turn this is reflected in the safety factor 
calculated.  
Reassuming the use of FE computed stresses inside a limit equilibrium framework to assess 
stability has the following advantages: 
·  there is no need to make assumptions about interslice forces; 
·  the  stability  factor  is  deterministic  once  the  stresses  have  been  computed,  and 
consequently, there are no iterative convergence problems; 
·  the issue of displacement compatibility is satisfied; 50 
 
·  the computed ground stresses are much closer to reality; 
·  stress concentrations are indirectly considered in the stability analysis; 
·  possible soil-structure interaction effects can readily handled. 
4.4.2.5. Influence of Soil Stratigraphy and Pore-Water Pressure 
Stratigraphic  conditions  have  a  major  influence  on  potential  slip  surfaces.  If  the  soil  is  not 
homogeneous but it has a certain stratigraphy, then the critical mode of potential failure may be 
influenced by soil stratigraphy and therefore it must be considered in the selected shape of the 
trial slip surfaces. Because usually not all potential modes of failure can be investigated in one 
analysis, in cases of marked stratigraphic conditions the positions of the trial slip surfaces needs 
to be specified and controlled to address specific issues. 
Another key issue that comes into play when attempting to find the position of the critical slip 
surface is the selection of soil strength parameters. Different soil strength parameters can result 
in different computed positions of the critical slip surface. 
Circular slip surfaces are fairly realistic for uniform homogeneous compacted embankment, but 
this is seldom the case for natural slopes. Usually, in this last case, there are multiple layers 
with varying strength and varying pore-water pressure conditions which can have an effect on 
the shape of the critical slip surface. 
The  most  realistic  position  of  the  critical  slip  surface  is  computed  when  effective  strength 
parameters are used and when the most realistic pore-water pressures are defined. Effective 
strength parameters can be fairly readily defined with considerable accuracy for most soils and 
rocks and usually they does not represent a problem in a stability analysis. The main issue is 
actually pore-water pressure. It is not always easy to define the pore-water pressure conditions, 
particularly  for  the  negative  pore-water  pressures  because  they  vary  with  environmental 
conditions and consequentially vary with time. Therefore the stability can only be evaluated for a 
certain point in time. The precipitation causes the suction near the surface to go to zero and in 
turn  the  cohesion  goes  to  zero.  Shallow  slips  near  the  ground  surface  may  happen  if  the 
cohesion goes to zero, and this is why actually shallow slips often occur during periods of heavy 
rains. 
Pore-Water Pressure 
In SLOPE/W, the pore-water pressures are used only in the calculation of the shear strength at 
the  base  of  each  slice;  they  do  not  enter  into  the  interslice  force  calculations.  In  stability 
analyses it is recommended using effective strength parameters since it was noted they give 
back the most realistic position of the critical slip surface.  
Pore-water pressure conditions in SLOPE/W can be specified with the following ways: 
·  defining a piezometric line;  
·  defining multiple piezometric lines, one for each soil type, to represent any irregular non-
hydrostatic pore-water pressure conditions; 
·  using the pore-water pressure ratio   .    is a coefficient that relates the pore-water 
pressure to the overburden stress; it is defined as: 
    
 




  = the pore-water pressure 
  = the total unit weight 
   = the height of the soil column 
·  using  the  B-bar  (   )  coefficient  together  with  a  piezometric  line;       is  a  pore-water 
pressure coefficient related to the major principal stress (  ). In equation form: 




·  defining  the  pore-water  pressure  heads  with  a  spatial  function:  actual  pressure  is 
specified at any discrete points and then SLOPE/W constructs a smooth surface that 
passes through all the specified points. 
·  using finite element computed pore-water pressures from any other analysis made with 
Geostudio products; practically pore-water pressures can come from any finite element 
analysis that creates a head or pore-water pressure file. Then SLOPE/W uses the pore-
water  pressures  existing  within  the  finite  element  mesh  at the  base of  each  slice  to 
determine the critical slip surface. The power of this approach is that the pore-water 
pressures  can  have  any  irregular  distribution  and  represent  different  conditions  at 
various times. This allows, as example, to assess how varies the factor of safety versus 
time during a rainfall event which produces transient pore-water pressure distributions 
into the soil. 
In the analyses of this thesis the pore water pressure conditions, used to assess the stability, 
has  been  always  determined  with  the  last  approach,  so  using  the  results  obtained  from  a 
seepage analyses performed with the program SEEP/W.  
4.5.  Undrained Instability and Static Liquefaction 
It has been observed by many authors that during heavy rainfall some failures in granular soils 
are the result of a collapse mechanism and a liquefaction. In order this process to occur the 
following conditions are required: 
·  susceptibility to liquefaction of soil material; 
·  fully saturation; 
·  loading process is rapid enough to preclude drainage: the soil is not able to dissipate the 
induced excess pore-water pressures in short time (undrained conditions). 
The susceptibility to liquefaction can be assessed with regard of the theory of the steady-state 
concept (Poulos 1981). The steady-state deformation is that state in which a saturated granular 
soil, under undrained shear stress conditions, strains without any further change in pore-water 
pressure  or  resistance.  This  occurs  only  at  large  strains  and  under  constant  deformation 
velocity. The steady-state procedure is popular for liquefaction and other flow failure analyses. 
It is noted that, under undrained and saturated condition, the effective-stress path of loosely 
material reaches a peak point beyond which the sample starts to collapse and drops to a lower 
deviatoric stress value reached at high strains (steady state) (fig. 18). Practically an undrained 
strain  softening  occurs.  The  drop  of  the  undrained  strength  to  the  post-peak  state  is  a 
consequence of the development of pore-water pressure. 
For the same void ratio ( ) but at different consolidation pressures ( ′), the locus of the peak 
deviatoric  stress  point  of  the  undrained  stress  paths  can  be  represented  by  a  straight  line 52 
 
defined as “instability line”: it represents a situation of collapse. For each void ratio ( ) there will 
be a different instability line. The infinite number of these lines representing the locus of peak 
strength in the  -	 ′-	  space has been defined as a collapse surface by Sladen et al. (1985). 
The collapse surface is not a state boundary surface, as the post-peak soil state can pass 
slightly above it, but it represents the limit of stability if drainage is avoided. 
After the peak the stress path converges toward the steady-state strength. The locus of these 
steady strength points can be fit by a straight line, also called steady-state line (SSL). The SSL 
forms an approximate boundary, in the  -	 ′-	  space, called the state boundary, above which 
the stress paths cannot travel both for drained and undrained conditions.  
The  slope  of  the  SSL  is  essentially  the  angular  coefficient  M found  in  the  section  4.2.5. to 
identify the Mohr-Coulomb failure envelope on the “p’-q” diagram: 
   
   
 ′  
 
6 ∙ sin  
3   sin   
where: 
    = deviatoric stress at steady-state, and  
 ′   = effective mean stress value corresponding to    . 
The soil liquefaction is possible only if the soil stress state is inside the narrow band between 
the instability and the steady-state lines. 
The  differences  between         and       can  be  very  small,  particularly  for  low  consolidation 
pressure (i.e., for shallow soil layers). This suggests that in soil slope subjected to high shear-
stress levels following consolidation, it is sufficient a small increase in shear stress to cause 
undrained failure, if the stress transfer is sufficiently rapid to preclude drainage. This condition 
may be satisfied in a slope during high-intensity rainfall, where drainage is largely impeded. 
 
Fig. 18: undrained behavior of saturated loose granular soils 53 
 
In the stress deformation analysis performed in this thesis (Chapter 6) it was observed a similar 
behavior for the low hydraulic conductivity soil case (blue curve in fig. 19). In fig. 19 are reported 
on the “p’-q” plane the stress paths observed in a soil point near the slope surface under a 
steady rainfall of 5x10
-6 m/s (18 mm/h) intensity. The critical state line (or steady state line) is 
also reported without considering the cohesion strength contribution, as the cohesive bonds 
may be considered gradually broken during soil failure.  
In this case the soil is not saturated, and the effective mean stress ( ′) reduction is not due to 
the  development  of  an  excess  of  positive  pore-water  pressure  but  to  the  suction  removal. 
However the low permeability of the soil may ensure the undrained condition. Therefore from 
the pick on the stress path of     =5x10
-7 m/s soil may be deduced an instability process onset 
similar  to  those  revealed  by  saturated  undrained  soils.  Upon  reaching  the  instability  line 
(marked in yellow in fig. 19) along the stress path, the soil element shown a reduced resistance: 
a process similar to an undrained failure. 
The same is not observed for the higher hydraulic conductivity case (red curve in fig. 19). Here 
the stress path did not show a reduction of deviatoric stress as it approached the critical state 
line, meaning that an instability process likely did not occur. This may be due to the higher 
permeability which allows drained conditions. 
 
Fig. 19: stress path on the effective mean stress - deviator stress plane, for a point near the slope surface 
Buscarnera  and  di  Prisco  (2013)  provided  a  consistent  geomechanical  explanation  of  the 
different failure modes that can take place in both saturated and unsaturated soil slopes. Their 
numerical  simulations  showed  that  different  mechanisms  of  activation  can  be  originated: 
localized shear failure, static liquefaction and wetting-induced collapse. In particular, it is shown 
that,  if  undrained  conditions  insists,  the  static  liquefaction  (in  saturated  conditions)  and  the 
wetting-induced  collapse  (in  unsaturated  conditions)  can  actually  anticipate  localized  shear 
failure, which is the traditional failure mode usually observed in drained condition. Indeed a 
lower shear stress perturbation is required to initiate the instability process in case of undrained 
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with static liquefaction, as the decrease of shear strength after having reached a peak of the 
shear stress. The major differences, however, is that wetting-collapse occurs when the material 
is not yet saturated and it is activated by the process of suction removal (as example, due to a 
rainfall  infiltration).  Besides,  it  has  noted  the  wetting-collapse  take  place  only  in  those  soils 
susceptible of volume compaction upon wetting; on contrary, materials that are insensitive to 
wetting  paths  are  dominated  by  shear  failure,  or  liquefaction  when  saturated-undrained 
conditions insist. 
Because,  as  stated  by  Buscarnera  and  di  Prisco  (2013),  failure  condition  does  not  need 
saturation condition to be triggered but it can be induced by the prior wetting process, then it 
seems reasonable to refer the numerical result obtained for the low permeability      = 5x10
-7 
m/s soil type (fig. 19) to such phenomena. In fact for the low permeability soil case the saturated 
condition  was  not  reached  during  the  analysis;  nonetheless  a  peak  along  the  stress  path 
followed by a reduction of shear strength was observed. 
So, it can be stated that when suction is removed during a rainfall infiltration process, if the 
drainage is impeded by the low permeability of the soil, then the wetting-instability mode can 
anticipate the static liquefaction, and failure occurs even if saturation is not yet reached.   
In  support  of  this  argument  can  be  taken  also  the  on  field  observations  collected  by  some 
authors.  As  example,  Lumb  (1962)  had  determined  from  landslides  occurring  after  heavy 
rainstorms an average value of 0,9 for the final degree of saturation in the soil mass, meaning 
that homogeneous fully saturated conditions needlessly must occur on the superficial soil slope 



















Rainfall Infiltration Analysis 
5.1.  Introduction 
Many  slope  stability  studies  have  indicated  that  the  infiltration  of  rainwater  into  a  slope 
decreases the stability of the slope. Although it is still quite difficult to quantify the effect of 
rainwater  infiltration  on  slope  stability,  the  development  of  numerical  models  has  helped  to 
investigate this matter. In this section the finite element seepage model, SEEP/W, was used to 
estimate the amount of rainfall that becomes infiltration and how it varied with respect to rainfall 
intensity. This actually can be used to understand how infiltration can affects slope stability 
calculating the factor of safety in a following slope stability analysis and looking at its variations 
on time.  
5.2.  Relevant Theory 
In this study the numerical seepage model SEEP/W utilizes unsaturated soil mechanics theory 
to  simulate  the  flow  of  water  through  the  embankment;  particularly  it  uses  the  soil-water 
characteristic curve (SWCC) and the permeability function. 
The SWCC function represents the volumetric water content of a soil at various matric suction 
values. Matric suction can be defined as a negative pore-water pressure referenced to the pore-
air pressure. As matric suction increases, the volumetric water content of the soil decreases: 
there are less water filled spaces available and this reduces the movement of water through the 
soil. So, as matric suction increases, the permeability of the soil decreases. The permeability of 
a soil at various matric suction values is represented by the permeability function. 
The  seepage  model  makes  use  of  the  governing  equation  for  water  flow  through  a  soil  to 
compute the solution. The basic equation that governs the two-dimensional flow of water in an 
isotropic soil is given as follows: 
 
  
   
   
  
   
 
  
   
   
  
       




   = the total head, 
   = the hydraulic conductivity in the x-direction, 
   = the hydraulic conductivity in the y-direction, 
  = the applied boundary flux, 
   = the volumetric water content, and 
t = time. 
The left-hand side of equation represents the flow of water through a soil element in the x- and 
y-directions based on Darcy's law. This water flow is equal to the change in the volume of water 
in the soil element per unit time as given on the right-hand side of the equation. 
The change in volumetric water content (  ) can be related to a change in pore-water pressure 
(  ) by the following equation: 56 
 
            
where: 
   = the slope of the storage-volumetric water content curve, and 
   = the pore-water pressure. 
The pore-water pressure change multiplied by the slope of the SWC curve equals the change in 
the volume of water for that change in pore-water pressure, per unit time. 
The total hydraulic head,    , is defined as: 
    
  
  
    
where: 
  = the unit weight of water, and 
y = the elevation. 
It can be rewritten as: 
                
Substituting this equation in that of volumetric water content change, gives the following: 
                    




   
   
  
   
 
  
   
   
  
            
         
  
 
Since the elevation is a constant, the derivative of y with respect to time disappears, leaving the 
following governing differential equation used in SEEP/W: 
 
  
   
   
  
   
 
  
   
   
  
            
   
  
 
5.3.  Numerical Study of Slope Infiltration 
In  this  section  have  been  illustrated  the  development  and  the  results  of  a  numerical  study 
performed in order to determine what portion of an applied rainfall became infiltration, and how 
the infiltration rate in the model varied with rainfall intensity, time and location on the slope. 
A typical profile of a homogeneous soil embankment, as in fig. 20, was used in this study. 57 
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Fig. 20: Homogeneous soil embankment geometry 
The geometric characteristics are reported in Table 2. 
Table 2: geometric characteristics of the soil embankment 
Height  5  m 
Base width  30  m 
Top width  4  m 
Left-side slope  2:1   
Right-side slope  3:1   
 
The soil type was specified as a silty sand with a saturated permeability,     , of 5x10
-7 m/s. The 
saturated-unsaturated flow equation includes two soil parameters that must be determined: the 
soil-water characteristic curve (SWCC) and the permeability (or hydraulic conductivity) function. 
Both of them are selected reference to function library self-built of GeoStudio software, and they 
are shown in figs. 21-22. 
 
      Fig. 21: Soil-water characteristic curve (SWCC)    Fig. 22: Hydraulic conductivity function 
The  soil-water  characteristic  curve  (SWCC)  was  determined  according  to  the  equation 
formulated by Fredlund and Xing (1994): 
Suction
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  = the volumetric water content 
 	= actual suction value 
  = the suction corresponding to the residual water content 
θ = the saturated volumetric water content 
  = the natural number 2,71828 
  = soil parameter related to the air entry value of the soil 
  = soil parameter related to the rate of water extraction from the soil once the air entry 
value has been exceeded 
 	= soil parameter related to the residual water content 
From the knowledge of the soil-water content (SWC) function Fredlund and Xing (1994) derived 
an estimation function for the permeability coefficient        : 
        
 
            
           
 
  	    
 
          
           
 
  	       
 
where: 
b = ln(10 ) 
y = a dummy variable of integration representing the logarithm of negative pore-water 
pressure 
  = the volumetric water content 
   = the derivative of   with respect to   
     = the air-entry value 
The initial ground water level was assumed horizontal at the base of the slope and the fig. 23 
shows the initial suction distribution in the model, which is assumed to increase linearly above 
ground water level up to the ground surface. The initial suction will come to this hydrostatic 
condition of equilibrium when there is zero net flux from the ground surface, so neither rain and 
evaporation occur.  59 
 
 
Fig. 23: Initial condition: suction expressed in pressure head (Units: meter) 
To calculate the infiltration rate into the slope, the seepage model makes use of flux sections. A 
flux section is simply a line across which moisture movement is calculated. Three separate flux 
sections, in the three different parts of the bank, were drawn just below the ground surface 
through the first row of elements to calculate the infiltration rate into the slope.  
The bottom boundary of the model was defined as no flux (impermeable) boundary. Instead the 
top and the lateral boundaries were specified as flux boundaries with changing values of flux 
applied, in order to simulate various rainfall intensities. It were applied values both lower and 
higher than      of the soil. Ponding was not allowed to occur at the ground surface so, when a 
flux greater than the permeability of the soil was applied to the top and lateral boundaries, the 
seepage model would not allow pore-water pressures at the ground surface to build up greater 
than 0 kPa: this simulated the actual field conditions of surface runoff. The flux applied at the 
ground  surface  (rainfall)  was  compared  with  the  computed  flux  into  the  soil  (infiltration)  to 
quantify the amount of infiltration for the crest and the sloping sides. Steady-state and transient 
conditions were analyzed. 
5.3.1.  Results 
5.3.1.1. Steady-State Conditions 
The results of the steady-state conditions analyses are reported in fig. 24, which shows the 
calculated flux plotted with respect to the applied flux. Six rainfall intensities, between 1,0x10
-8 
m/s (0.036 mm/h) and 1,0x10
-3 m/s (3600 mm/h), were simulated. The three curves represent 
the infiltration flux across the top, left-side and right-side face of the embankment. The diagonal 
reference line represents the condition where all the applied flux infiltrates completely into the 
soil. The horizontal reference line is the saturated permeability of the soil: it is the maximum rate 
at which water can flow into the soil when it is fully saturated and with a hydraulic gradient equal 
to one. 60 
 
 
Fig. 24: Results from the steady-state analysis. 
Until the applied flux is 1-2 orders of magnitude less than      (infiltration rates of 1,0x10
-8 and 
1,0x10
-7  m/s)  then  the  calculated  and  applied  fluxes  were  similar:  the  points  stayed  on  the 
diagonal reference line and all water infiltrated on both the top and the sloping faces. When a 
flux within one order of magnitude of      was applied, the calculated flux became less than the 
applied flux (fig. 24). The highest flux was calculated across the top face and it assumed a 
steady state value of 22% of      (1,08x10
-7 m/s). The flux at the left-side of the slope reached a 
steady state value of 13% of      (1,59x10
-8 m/s). The flux at the right-side of the slope reached 
the lowest steady state value of 7% of      (3,64x10
-8 m/s). So it is clear that the largest steady 
state infiltration flux occurs at the top of the bank. 
For the steady state conditions the above results are reasonable: in fact, if one thinks that the 
infiltration at the top flowed vertically downwards becoming interflow within the bank and leaving 
the top surface capable to accept more rainfall, than it is clear why the largest amount of flux 
occurs at the top. On contrary, since the top face infiltration increases the water content of the 
soil throughout the rest of the bank, at the slope face there are less void spaces available to 
accept infiltration and this results in less water entering the slope face as infiltration. 
5.3.1.2. Transient Conditions 
The same soil bank was studied with a transient analysis. The same finite element mesh, soil 
properties, and boundary conditions were used as for the steady state conditions. The values of 
rainfall intensities applied were both lower and higher than the      of the soil. The computed 
fluxes, across the different flux sections, were recorded at various elapsed time in order to study 































Top flux Left-side flux Right-side flux
Ksat = 5x10-7 m/s61 
 
Results are expressed with a dimensionless quantity, RIV (relative infiltration value), which is 
the flux calculated with respect to time divided by the saturated permeability of the soil. This 
allowed for an easier comparison of the results.  
In fig. 25 the results obtained for two rainfall rates less than     : 1,0x10
-8 m/s and 1,0x10
-7 m/s 
are shown. For the same rainfall rate the differences between the infiltration values on the three 
sides of the bank were small. The initial infiltration rate was very low; as the soil became wet, 
the permeability increased and the infiltration rate gradually reached the steady-state condition 
over time. However, steady values lower than      were observed again.   
 
Fig. 25: Results from the transient analysis with rainfall rates less than Ksat 
In fig. 26 are reported the results obtained for two rainfall rates higher than     : 1,0x10
-6 m/s 
and 1,0x10
-5 m/s. In this case the infiltration rate became rapidly higher than the      value at 
the  beginning:  it  reached  values  also  of  3,5  times        (RIV  of  3,5)  in  the  case  of  rainfall 
intensity equal to 10
-5 m/s (36 mm/h). Then, as the soil saturated, the infiltration rate decreased 
over time towards the steady-state condition. For the same rainfall intensity it was observed a 
slightly higher value of infiltration over time for the top side of the bank respect to the lateral 





























































Ksat = 5x10-762 
 
 
Fig. 26: Results from the transient analysis with rainfall rates higher than Ksat 
A RIV value greater than one means that water was infiltrating the soil with a rate higher than 
the saturated permeability; moreover this happened at the initial time when the soil bank suction 
value  was  high  and  the  hydraulic  conductivity  took  values  very  low.  Nevertheless  this 
phenomena can be explained looking at the Darcy's law,       . At the initial time the hydraulic 
head gradient available for the flow,  , was so high that it compensates for the low value of 
permeability,  . This resulted in an high velocity and so high infiltration rate in the soil. 
The hydraulic gradient ( ) in the soil is computed as the total head loss divided by distance of 
flow between two measured head locations, or: 
   
   
  
 




   = total hydraulic head 
  =elevation or gravitational potential 
  = actual suction value or matric potential (it is negative). 
At the initial instants of a rainfall, the matric potential difference between the saturated surface 
layer (  = 0) and those immediately below, relatively dry, causes a high value of the gradient ( ). 
When the wetting front advances, the same potential difference is determined on progressively 
increasing  thicknesses,  causing  a  reduction  of  the  gradient  ( )  and  consequently  of  the 
infiltration capacity.  
In the fig. 27 are illustrated the contour lines of the hydraulic gradient in Y-direction obtained in 
the transient analysis at the third temporal step (2.88x10
4 s = 8 hrs), when the infiltration flux 

































































Ksat = 5x10-7 m/s63 
 
 
Fig. 27: Contour lines of the hydraulic gradient in Y-direction after 8 hrs from the beginning of the rainfall 
As it can be seen there is a narrow band below the surface where the gradients are very high; 
this can be better seen plotting (fig. 28) the Y-gradient versus Y-coordinates together with the 
plot of the Y-conductivity versus Y-coordinates, along ‘Section A’: 
       
Fig. 28: graphs plotting Y-gradient versus Y-coordinates (left) and Y-conductivity versus Y-coordinates 
(right), along section A. (rainfall rate = 10
-5 m/s, soil with     = 5x10
-7 m/s) 
Also  if  the  conductivity  ( )  is  low,  because  of  the  low  water  content,  there  is  a  such  high 
hydraulic gradient that the resultant infiltration flux (so the water infiltration velocity) is higher 
than the saturated hydraulic conductivity (RIV value of 3,5 seen in fig. 26). The resultant Y-
velocity along section A at the third temporal step is plotted in fig. 29. The behavior of the 





















































Fig. 29: graph plotting Y-velocity versus Y-coordinates 
along section A. (rainfall rate = 10
-5 m/s, soil with     = 5x10
-7 m/s) 
Instead  in  fig.  30  is  reported  how  the  velocity  profiles  varies  with  time:  as  just  said,  the 
maximum infiltration flux (or velocity) occurred at the third temporal step (2,88x10
4 s = 8 hrs). 
 
Fig. 30: Y-velocity profiles along section A, at different temporal step.  
(rainfall rate = 10
-5 m/s, soil with     = 5x10
-7 m/s) 
Even if the soil bank is supposed to be homogeneous the value of hydraulic conductivity is 
variable: it depends by the volumetric water content in soil, so by the matric suction, according 
the hydraulic conductivity function. The behavior of Y-conductivity in time reflects the variation 
of the water content as it can be noted in figs. 31-32 which represent the variation in time of 
both  the  volumetric  water  content  and  the  Y-conductivity,  always  along  section  A.  At  the 
beginning near the surface the volumetric water content was about 0,20 at which corresponds a 
conductivity value of 3x10















































Fig. 31: temporal variations of volumetric water content along section A.  
(rainfall rate = 10




Fig. 32: temporal variations of Y-conductivity along section A.  
(rainfall rate = 10
-5 m/s, soil with     = 5x10
-7 m/s) 
5.3.2.  Conclusions 
Actually  the  possibility  to  have  an  initial  infiltration  rate  that  is  greater  than  the  saturated 
permeability is an important consideration to take into account. A large amount of infiltration can 




















































suction causes a decrease in the shear strength of the soil, which eventually can reduce the 
stability of the slope and failures can occur at that location.  
Gasmo et al. (2000) compared the pore-water pressure distributions obtained by the data of a 
real instrumented slope with that obtained by the numerical seepage model used to simulate it. 
The case study slope consisted of residual soils, the weathering product from a sedimentary 
rock.  It  was  check  if  the  model  was  able  to  reproduce  the  pore  water  pressure  dynamics 
observed in field during twenty days in which two rainfall events occurred. They found that the 
model  was  able  to  give  back  a  pore  water  pressure  profile  which  good  matches  with  that 
obtained from the field data but it was unable to accurately represent the same profile at the 
same elapsed time as it was in the field. This seemed was due to the fact that the numerical 
model can give only a simplified representation of a complex residual soil slope, which actually 
has an highly variability in their layering and characteristics. Particularly, it was found that the 
value of the saturated permeability, used as input parameter in the numerical model, was too 
low  in  comparison  to  what  may  actually  exist  in  the  field.  This  was  because  the  effective 
confining pressure of the triaxial permeameter, used to estimate      in laboratory, would cancel 
out the effects of the cracks and fissures in the soil by compressing the cracks closer together. 
So the effective      for the slope was actually higher, and in order to have that the elapsed 
time in the model would match the elapsed time in the field, the permeability function needed to 
be increased. 
These  discrepancies  between  the  field  data  and  the  numerical  computed  results  could  be 
notably  reduced  once  the  seepage model  is  used  to  simulate the  behavior  of  a man-made 
compacted bank, in which the variability of the soil parameters are smaller and it is easier to 
have a more accurate representations of the field conditions. However, the formation of cracks 
on  the  superficial  layers  due  to  shrinkage  of  clayey  soil  during  the  drying  periods  can  still 
represent an issue to be solved for gain an as much as possible realistic modeling. In this 
regards Gasmo et al.(2000) suggest to measure the saturated permeability in the field at the 
ground surface to account for the effect of cracks and fissures in the soil. 
Moreover in this analysis it was found that, for a soil embankment, when rainfall intensity is 
greater then      the infiltration rate after long time is not equal to the saturated permeability as 
stated  by  many  conceptual  infiltration  models  (like  Green–Ampt  model).  Also  field 
measurements (Rahardjo et al., 2005) have shown that this is not the case. Rahardjo et al. 
(2005) applied an artificial rainfall, 13x10
-6 m/s in intensity, to an initially unsaturated soil slope 
with      of 5,18x10
-6 m/s and found that the infiltration capacity of the slope converged, after 
long  time,  to  2x10
-6  m/s  (≈  0,4      ).  Therefore,  this  supports  the  numerical  study  results 
















Embankment Infiltration-Stress-Deformation Analysis 
6.1.  Introduction 
During wet periods, when an increase in moisture content and a decrease in matric suction 
occur, the additional shear strength provided by the matric suction may be reduced enough to 
trigger the failure. Usually, the shear strength contribution by the negative pore-water pressures 
above the groundwater table is ignored by setting their magnitudes to zero for situations where 
the major portion of the slip surface is below the groundwater table. However, in situations 
where the ground water table is deep or where concern is over the possibility of a shallow 
failure surface, negative pore water pressures can no longer be ignored. 
Analyzing soil banks subjected to transient seepage due to rainfall and developing a reasonable 
procedure  to  perform  this  analysis,  can  be  convenient  to  understand  the  stability  and  the 
possible failure mechanisms of these slopes during rainfall infiltration. 
Here it was simulated a typical process of rainfall infiltration using a finite element analysis, and 
the changes in wetting zones and distribution of pore pressures and stresses are calculated. In 
particular, it was looked at how the variation of hydraulic conductivity controls the generation of 
pore water pressures and how it may influence the stability. 
As the behavior of an unsaturated slope is closely related not only to the distribution of pore 
pressures but also to stress state during infiltration, in this thesis the stability analysis was also 
integrated with the continuous stress field obtained from an uncoupled finite element analysis. 
Therefore in this chapter an uncoupled flow-deformation analysis was carried out to study the 
whole soil behavior and stability.  
The two individual programs (SEEP/W and SIGMA/W) analyze independently the two physical 
processes  relevant  to  the  problem.  One  program  (SEEP/W)  analyzes  the  changes  of  soil 
suction due to water flow as a result of infiltration and the other program (SIGMA/W) analyzes 
the load-deformation behavior. The interdependence of the equations is made in an iterative 
manner:  the  flow  portion  of  the  formulation  is  solved  for  a  given  time  period  and  then  the 
resultant pore-water pressure changes are used as input in a deformation analysis.  
For seepage analyses, the dependent variable is pore-water pressure (or hydraulic head   ). In 
this case, the seepage equation has the following form: 
 
  
       
   
  
   
 
  
       
   
  
            




   = the hydraulic head, 
   = the volumetric water content, 
       = the hydraulic conductivity in the x-direction function of   , 
       = the hydraulic conductivity in the y-direction function of   , 
  = the applied boundary flux, 
   = the slope of the storage-volumetric water content curve, 
  = the unit weight of water, and 68 
 
t = time. 
At  each  given  time  step  the  coefficient  of  permeability,    , 	    ,  is  function  of  only  matric 
suction (or water content), rather than both matric suction and net normal stress. So soil volume 
change and induced stresses are assumed to be negligible on the solution of the flow problem, 
and only the soil water characteristic curve (SWCC) can be used to represent the whole water 
phase constitutive surface. Boundary conditions for seepage can be either pore-water pressure 
(or hydraulic head) type or water flux type. The results of the seepage analysis provide the 
changes in pore-water pressure and the water flux  with time. These changes in pore-water 
pressure are then used in the stress-deformation analysis. 
For  a  stress-deformation  analysis,  dependent  variables  are  horizontal  displacement,   ,  and 
vertical displacement,  . Boundary conditions for the stress-deformation analyses can be of the 
displacement type or load type. In addition to Poisson's ratio ( ), only two elasticity parameters, 
E and H, for soil structure need to be described. E is the Young’s modulus, while H is a modulus 
relating the change of volumetric strain in the soil structure to a change in suction. They should 
be specified as functions of matric suction and net normal stress. However in this analysis it is 
hypothesized a constant E value, equal to 10000 kPa, on the whole embankment, and the H 
modulus is calculated by SIGMA/W as: 
   
 
 1   2  
	
As  matter  of  fact  this  is  the  value  of  H  when  the  suction  is  reduced  to  zero,  or  there  are 
saturation conditions; however it has been demonstrated by Krahn (2012) that neglecting its 
variation for negative pore-water pressures does not influence the validity of result as much. 
Results of the stress-deformation analysis provide the displacements and induced stresses due 
to applied boundary conditions and changes in pore-water pressure. 
To perform the deformation analysis the numeric model SIGMA/W needs a material constitutive 
model to be defined for soil medium. It is advisable to use the linear elastic model to perform the 
in-situ analysis (it calculate the initial stress state existing before the application of the loads), 
and an appropriate model for the consolidation/deformation part of the analysis (in this study an 
elastic, perfectly-plastic model was chosen).  
For a linear elastic soil model the stresses are directly proportional to the strains through the 
Young's modulus, E, proportionality constant (fig. 33a).  
For an elastic, perfectly-plastic model the stresses are directly proportional to the strains until 
the yield point is reached; beyond the yield point, the stress-strain curve is perfectly horizontal 
(fig. 33b). SIGMA/W uses the Mohr-Coulomb yield criterion as the yield function for the elastic-
plastic model. 69 
 
 
Fig. 33: linear elastic soil model (a); elastic, perfectly-plastic soil model (b). 
Data  for  the  elastic-plastic  model  include  other  input  parameters:  these  are  the  well-known 
strength  parameters  of  internal  friction  angle     and  cohesion  intercept   .  The  strength 
parameters are only useful for telling if any given soil element has exceeded its yield point. The 
material parameters for the soil skeleton were provided in terms of effective stress parameters. 
For  saturated  soils,  the  principle  of  effective  stress  is  valid,  and  it  can  be  used  the  Mohr-
Coulomb failure criterion: 
             tan   
where    = shear stress at failure;    = effective cohesion;    = effective normal stress; and    = 
effective friction angle. 
On  the  other  hand,  for  unsaturated  soils,  the  water  phase  occupies  only  parts  of  the  pore 
volume, while the remaining is covered by air. This must be accounted for when calculating the 
effective stress. Herein, it was adopted a modified strength form based on Mohr-Coulomb failure 
criterion for unsaturated soils proposed by Fredlund et al.(1978), which can be described as 
follows: 
                  tan              tan   
where      is  the  shear  stress  at  failure  for  unsaturated  soils,  c′  and  φ′  are  shear  strength 
parameters (the effective cohesion and friction angle),   is the normal stress on shear surface, 
   is a friction angle related to matric suction          ,    and    are respectively the pore air 
and pore-water pressure. 
So in case of unsaturated soil the cohesive strength can be considered as composed of two 
components; namely, effective cohesion (  ) and apparent cohesion due to matric suction: 
                  tan   
where   = total cohesion intercept of the Mohr-Coulomb failure envelope;           = matric 
suction,  and      =  angle  relating  the  increase  in  shear  strength  with  an  increase  in  matric 
suction.  70 
 
Solutions using the uncoupled approach depend on the magnitude of chosen time periods for 
seepage analysis. If short time steps are selected than more accurate pore-water pressures are 
calculated  and,  finally,  the  stress  state  and  displacements  in  the  soils  are  allowed  to  be 
described more accurately. Herein were chosen time steps each lasting 2 hours. 
6.2.  Numerical study 
In this study a soil embankment with the same geometrical characteristics of that used in the 
‘Rainfall Infiltration Analysis’ Chapter 5, was analyzed. Geometrical characteristics are recalled 
in the following Table 3. 
Table 3: geometric characteristics of the soil embankment 
 
 
The initial water table was assumed to be horizontal, and at the lower ground surface. Initial 
water  pressure  distribution  was  assumed  to  be  hydrostatic,  so  directly  proportional  to  the 
vertical distance from the water table. Above the water table, the pore pressure is negative and 
the maximum negative pressure (expressed in pressure head) is specified to -5,0 m. 
All the material parameters (physical meanings of which are explained above) used in FEM 
analyses are given in Table 4.  
Table 4: Materials properties for the soil considered in the FEM analysis 
Material properties  Symbol  Unit  Value 
Unit weight of soil      kN/m
3  20 
Saturated hydraulic 
conductivity 
      m/s  1e-5 and 5e-7 
Porosity  n  /  0.51 









Air-entry value        kPa  12 
Coefficient of volume 
compressibility 
    1/kPa  1e-4 
Residual water content      m
3/m
3  0,15 
Cohesion intercept   ’  kPa  5 
Internal friction angle      °  30 
Matric suction angle      °  15 
Height  5  m 
Base width  30  m 
Top width  4  m 
Left-side slope  2:1   
Right-side slope  3:1   71 
 
Young’s modulus     kPa  10000 
Poisson ratio     /  0,27 
 
Different values of hydraulic conductivity were tested to highlight the influence of this parameter 
on the change of stress state. 
Since the finite element program gives back only the increment in stress due to an applied load, 
then in order to have the actual field stress condition it is necessary to estimate the initial in-situ 
stress state prior to the beginning of infiltration simulation. The initial stresses are only the result 
of gravity and represent the equilibrium state of the undisturbed soil. The initial stresses are 
established by applying the self-weight of soil by means of a ‘body load’. The analysis concerns 
with a non horizontal ground surface. SIGMA/W gives the possibility to use a specific type of 
analysis to set the initial conditions: this is the so-called ‘In-Situ’ analysis. The initial pore-water 
pressure conditions are obtained from the specified initial  water table which is, as just said 
above,  horizontal  at  the  bottom  of  the  embankment.  To  apply  this  method  the  boundary 
conditions at the ends of the problem must be as shown in fig. 34, so the bottom boundaries 
must be constrained while lateral sides are free to move in y-, but not in x-direction. The soil 
must be assigned a gravity load (vertical body load) equal to the soil unit weight (in this case 20 
kN/m
3 is been assigned).  
In  figs.  34-35  are  reported,  respectively,  the  Y-total  stress  and  Y-effective  stress  contours 
calculated by ‘In-Situ’ SIGMA/W analysis. Then these resultant stress output file is used as the 
initial stress condition file for the uncoupled consolidation analysis. 
 
Fig. 34: Y-total stress contours within the embankment 
 
Fig. 35: Y-effective stress contours within the embankment  72 
 
The  numerical  study  performed  consists  on  a  series  of  transient  consolidation  analyses 
conducted to illustrate the effect of a rainfall of long duration on the stability of the soil bank. The 
rainfall applied to the ground surface has a duration of 60 hours, and its intensity is kept fixed 
(5x10
-6 m/s = 18 mm/h). 
As just seen in the previous ‘Rainfall Infiltration Analysis’ Chapter 5, the actual amount of rainfall 
that can infiltrate into the ground, at a given time, ranges from zero to the infiltration capacity, 
which is specific for a given initial moisture content and rainfall intensity. The infiltration capacity 
(maximum rate of infiltration) varies with time and approaches a constant value (lower than the 
saturated  hydraulic  conductivity)  as  the  infiltration  continues.  To  model  the  case  when  the 
rainfall rate is greater than the infiltration capacity (ponding condition), a maximum constant 
water pressure      0 was prescribed on the bank surface to simulate runoff. 
6.2.1.  Results  
Firstly,  to  study  the  effect  of  hydraulic  conductivity  on  the  slope  stability,  two  different 
magnitudes of saturated hydraulic conductivity (    ) were adopted for the homogeneous and 
isotropic design soil bank subjected to a 60 hours, 5x10
-6 m/s (18 mm/h) intensity rainfall. The 
saturated hydraulic conductivity values were 5x10
-7 m/s and 1x10
-5 m/s, magnitudes respectively 
smaller and greater than the rainfall intensity. 
The  permeability  (or  hydraulic  conductivity)  functions  (fig.  36)  were  estimated  using  the 
Fredlund  and  Xing  (1994)  estimation  function,  and  both  of  them  were  derived  from  the 
knowledge of the same soil-water characteristic curve (SWCC) (fig. 37).  
   
Fig. 36: the two hydraulic conductivity functions experimented in the analysis 
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Fig. 37: the soil-water characteristic curve (SWCC) 
The  results  obtained  have  been  illustrated  focusing  on  two  different  points,  A  and  B, 




Fig. 38: representative points (A and B) on the finite element domain 
In figs. 39-40 it is shown how matric suction decreased with time due to infiltration: it started 
from an initial high value and eventually converged to zero when the water table overcame the 
points. Moreover It can also be noted how the response was different between the two points. 
When the distance was short (point A), the smaller the hydraulic conductivity, the faster the 
matric suction reduced (fig. 39). The reason is that since the amount of water that can infiltrate 
the ground is partially controlled by the hydraulic conductivity of soil; so for the point A, located 
near the surface, it was more difficult to drain off the water coming from the surface when the 
hydraulic  conductivity  was  low:  the  water  accumulated  in  the  most  shallow  layer.  Therefore 
point A reacted faster in soil with lower hydraulic conductivity (blue curve). However, when the 
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infiltration distance was relatively longer (point B), as hydraulic conductivity became smaller it 
took more time for the seeping rainwater to reach a deep point. In fact the flow was delayed as 
more as lower was the hydraulic conductivity (fig. 40). 
 
Fig. 39: time histories of matric suction at point A 
 
Fig. 40: time histories of matric suction at point B 
In figs. 41-45 are projected the stress path on the deviator stress - matric suction plane. It 





















































Ksat= 1e-5 m/s75 
 
infiltration.  The  increase  in  deviator  stress  can  be  attributed  to  the  increase  in  unit  weight 
resulting from the increased moisture content.  
For  the  point  A  (fig.  41),  in  case  of  low  hydraulic  conductivity  (        5x10
-7  m/s)  it  was 
observed a significant increase in deviator stress ( ) even if full saturation (means suction equal 
zero) was not reached; therefore it can be probably  inferred that the matric suction did not 
necessarily need to be reduced to zero to initiate a shallow failures. On contrary, in case of 
higher hydraulic conductivity (       1x10
-5 m/s), or      higher than rainfall rate, the deviator 
stress ( ) initially showed an increase, followed by two little fluctuations and finally it kept a 
constant  value  once  suction  was  completely  destroyed  (saturation  reached)  (fig.  41).  This 
behavior can be better evaluated plotting the trend of deviator stress (q) in time (fig. 42). From 
the paths represented in fig. 42 it can be noted that, for the low K    case, the trend of the 
deviator  stress  (q)  was  fairly  regular,  without  fluctuations,  meaning  that  the  points  near  the 
surface (like the point A) are stressed with a non-isotropic condition in which the rate of increase 
of the deviator stress (q) was quite steady until maximum stress condition was reached. This 
may be due to the fact that a low permeability soil element near the surface is mainly affected 
by the increase of the soil weight above it, while it is less affected by the water seeping from the 
surrounding areas (from the slope surface and from the crest). For the high K    case, instead, 
the  deviator  stress  (q)  path  showed  some  fluctuations  before  to  reach  a  steady  condition, 
meaning that the increases of principal stresses are not uniform among them in time. In this 
case, the increase of the soil weight above, was mitigated by the favorable water seeping from 
the surrounding areas. And actually this produces a lower deviator stress (q) and a fluctuating 
trend.  
This fact can be explained also looking at the different stress behaviors in time. The deviator 
stress ( ) can be expressed as function of the deviatoric stress invariant J : 
     3	J  
where: 
J   
1
6
          
 
           
 
                   
   
Plotting  the  different  stress  components  (  ,	  ,	    and     )  behaviors  in  time  for  the  two 
hydraulic conductivity case (fig. 43 a) and b)), it can be observed that for the low hydraulic 
conductivity case (fig. 43 a)) the behaviors of the stress paths were nearly uniform: initially all 
stresses increased rapidly and then they stabilized at fairly constant values. On the other hand, 
for the high hydraulic conductivity case (fig. 43 b)) the behaviors of the stress paths were not 
uniform  between  them;  the	σ ,	σ ,  and  τ    stresses  showed  an  hump  initially  (which 
corresponds to the first fluctuation of the deviator stress (q) in fig. 42) and then they stabilized at 
steady values, while    had a growth lasting longer and it determines the second fluctuations of 
deviator stress ( ). 76 
 
 
Fig. 41: Stress path on plane deviator stress - matric suction, for point A 
 




























Point   A
Ksat= 5e-7 m/s




Fig. 43: a) stress components (  ,	  ,	   and    ) behaviors in time on point A, for the        5x10
-7 m/s case;  
            b) stress components (  ,	  ,	   and    ) behaviors in time on point A, for the        1x10
-5 m/s case; 
It was also observed that σ  was directly function of the pore-water pressure or the infiltration 
process (fig. 44): σ  and pore-water pressure had fairly the same behavior. This is because the 
soil is completely constrained in z-direction, it cannot strain.  
So, it can be stated that hydraulic conductivity sets the way an initially unsaturated soil is loaded 
during a rainfall infiltration and how it behaves in its shallow layer. Particularly it was found that 
a low permeability soil (K      5x10-7 m/s case) imply that the rate of increase of the deviator 
stress (q) is fairly steady and fast from the first moments of rain, while an high permeability soil 

































































saturation is reached. Moreover it must be remembered that the deviator stress (q) was much 
higher for the low hydraulic conductivity case than for the high one (fig. 42): so the shallow layer 
is more stressed in case of low permeability soil, as whole.  
   
   
Fig. 44: comparison between    and the pore-water pressure behaviors in time, 
for both the       5x10-7 m/s and        1x10-5 m/s case. 
For the deeper point B, in both cases (       5x10
-7 m/s and        1x10
-5 m/s) the deviator 
stress ( ) showed fluctuations before reaching a constant maximum value (figs. 45-46). For the 
lower conductivity case a final constant value was not observable on the graph (fig. 46) because 
saturation was not reached in the time of the analysis. The presence of fluctuations in both 
cases can be attributed to the fact that a deeper point into the embankment is affected by the 
water seeping from different sides. The water infiltrating from the crest and the sloping side 
comes anyway to point B but at different times according to the distance: this produces the 
fluctuations of the deviator stress ( ). The main difference with the previous case (point A) was 
that the values of deviator stress ( ) were nearly the same in magnitude, for both      values, 


































































































































Fig. 45: Stress path on plane deviator stress - matric suction, for point B 
 
Fig. 46: variation of deviator stress in time, at point B 
From the results of the two analysis just illustrated (from fig. 39 to fig. 46) it can be inferred that 
if hydraulic conductivity is small compared to the rainfall rate, shallow failures are liable to occur 
in  a  relatively  short  time:  in  fact,  for  the  near  surface  point  A,  it  was  observed  a  sudden 
reduction in suction (fig. 39) which implies a reduction in shear strength, and, at the same time, 























Point   B
Ksat= 5e-7 m/s
Ksat =1e-5 m/s80 
 
inferred that when the hydraulic conductivity is great enough to drain the rainwater than the 
landslides may take place a relatively long time after the rain onset and the main distinctive 
feature may be a deep slip surface. Indeed, considering only the        1x10
-5 m/s case and 
reporting on the same graph the deviator stress     versus time for both point A and B (fig. 47), 
it can be observed that the deviator stress     reached their steady values, different according 
to  the  deep,  at  the  same  time,  proving  that  a  good  draining  condition  produces  a  more 
homogeneous stress distribution through the soil bank. 
 
Fig. 47: deviator stress versus time for both point A and B, for        1x10
-5 m/s case. 
Figs. 48-49 show the stress path on the effective mean stress  p   - deviator stress  q  plane. In 
the two graphs was also reported the Mohr-Coulomb failure envelope (critical state line-CSL) 
expressed with the two variables p    q. This CSL can be derived from triaxial shear tests (see 
‘Chapter 4 – section 4.2.5.’) and it can be expressed on the plane (p , q) with a line whose 
equation is: 
     ̅     ∙	   
The  ̅ parameter represents the cohesive strength component and it is given by the following 
expression: 
 ̅  
6	  cos ′
3   sin ′
 
The M parameter is function of the effective internal friction angle    by the following relation: 
        
6 ∙ sin  
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if expansion triaxial shear tests are performed.  
While the internal friction angle    is the same for both the compression and the expansion, the 
slope M of the critical state line (CSL) on the plane (  ,  ) is not the same. Particularly, because 
         ,  at  the  same  effective  mean  stress  (  ),  the  deviator  stress  at  failure  (  )  will  be 
always less for expansion condition than for compression. Therefore, in conditions in which the 
failure modes are not clearly predictable, the worst case (expansion,   ) should be considered, 
as  conservative.  In  the  analyses  here  performed  SIGMA/W  has  always  given  back  positive 
deviator stress values ( ), so, in terms of a triaxial test, this means compression conditions, and 
       was used as angular coefficient of the CSL in the plots (figs. 48-49). 
For point A (fig. 48), as the infiltration took forward, the effective mean stress (p ) decreased 
with time, while the deviator stress     initially increased and then it stabilized after saturated 
condition was reached. In both cases considered (       5x10
-7 m/s and        1x10
-5 m/s) the 
CSL was not reached. This is due to the low slope angle (α = 26,6°) and to the relatively high 
cohesion  (c’  =  5  kPa)  considered.  It  will  be  seen  in  the  following  chapter  that  a  such  high 
cohesion value near the surface is fairly unlikely due to the weathering processes, and so the 
stress paths may be closer to the CSL in the actual field conditions. However, what is here 
interesting to note is the closeness of the experimental points in the left end of the        5x10
-7 
m/s stress path. Since it was chosen all equal time steps, this means that after only a few time 
from  the  rainfall  onset  the  low  permeability  soil  has  reached  an  high  level  of  stress  in  the 
surficial layer, and so it can come earlier to failure than a higher permeability soil. For        
1x10
-5 m/s, the deviator stress     initially increased reaching quickly its maximum value but 
without  exceeding  the  critical  state  line  (CSL):  this  is  due  to  the  still  high  effective  stress 
present, given by the suction. As matric suction was reduced, effective stress reduced too and 
the stress path approached toward the CSL. Once saturation was reached, the deviator stress 
kept a steady value as seen in fig. 47.  
For point B (fig. 49) it can be noted that the CSL was very close to the stress path only for the 
higher  hydraulic  conductivity  case  (        1x10
-5  m/s),  meaning  that  for  low  hydraulic 
conductivity soils deep failures are hardly triggered by a rainfall infiltration while shallow failures 
occur earlier.   82 
 
 
Fig. 48: stress path on the effective mean stress - deviator stress plane, for point A 
 
Fig. 49: stress path on the effective mean stress - deviator stress plane, for point B 
To support the fact that, in case of low hydraulic conductivity, shallow failures are liable to occur 
in  a  relatively  short  time,  figs.  50-51  report  the  ‘X-Y  Shear  Stress’  contours  in  the  soil 
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Ksat= 1e-5 m/s83 
 
concentrations  were  induced  in  local  areas  near  the  seepage  faces  due  to  the  loss  of  soil 
strength. 
 
Fig. 50: Distribution of X-Y shear-stress after 8 h (Ksat= 5e-7 m/s) 
 
  Fig. 51: Distribution of X-Y shear-stress after 8 h (Ksat= 1e-5 m/s) 
The shear stresses developed along the shallow zones of the slope sides were much greater for 
the     = 5x10
-7 m/s soil bank than for the     = 1x10
-5 m/s case. As expected, a low hydraulic 
conductivity,  that  prevents  ground  water  flow,  induced  increased  pore  water  pressure  and 
reduced effective stresses. Moreover, as water content increases, it is reduced the surplus of 
cohesion  given  by  the  suction  in  unsaturated  conditions.  As  just  mentioned,  in  case  of 
unsaturated soil the cohesion can be considered as composed of an effective cohesion (  ) and 
an apparent cohesion due to matric suction: 
                  tan   
where   = total cohesion,           = matric suction, and    = angle relating the increase in 
shear strength with an increase in matric suction. When suction is completely destroyed by 
rainfall infiltration the second cohesive component is lost.  
Therefore,  the  procedure  of  stability  analysis  using  the  finite  element  method  provides  the 
means to improve the understanding of actual mechanism of destabilization of soil slope in a 
such highly transient problem as rain infiltration. 
In figs. 52-53 is shown the distribution of volumetric water content (  ) after 6 hours from the 
beginning of rainfall for the two hydraulic conductivity cases (     equal to 5x10
-7 m/s and 1x10
-5 
m/s). A small saturated hydraulic conductivity induced more variable distribution of volumetric 
water content near the surface. This resulted in a greater decrease in the shear strength and a 
greater increase in unit weight, which modified the stress field in the surficial regions before, 
and throughout the slope with the progress of the rainfall event.  84 
 
The distribution of the water content depends by the soil water characteristic curve (SWCC), 
which is a characteristic of the soil structure. The slope of the curve represents the rate of 
change in the amount of water retained by the soil to a change in pore water pressure. So, as 
the  slope  of  the  curve  becomes  steeper  the  distribution  of  the  volumetric  water  content 
becomes more discontinuous. Moreover the distribution of the antecedent moisture conditions 
within the slope also controls the magnitude of hydraulic conductivity, which is a function of 
water content. So, when a rainfall occurs, the rate of infiltration depends also by the antecedent 
moisture conditions. The local seepage response to rainfall controls the suction change which, 
in turn, determines the cohesive shear strength available. Therefore, the location of the critical 
shear  surface  in  a  saturated-unsaturated  soil  is  also  primarily  a  function  of  the  soil  water 
characteristic curve (SWCC) and the antecedent moisture conditions.  
 
Fig. 52: Distribution of volumetric water content after 6 h (Ksat= 5e-7 m/s) 
 
Fig. 53: Distribution of volumetric water content after 6 h (Ksat= 1e-5 m/s) 
6.2.2.  Conclusions 
The results obtained from the above ‘infiltration and stress-induced’ analyses seems to confirm 
the laboratory tests made by Orense et al (2004). They performed an experimental study on 
rainfall  infiltration  and  seepage  flow  on  small-scale  unsaturated  model  slope  and  reported 
similar results: when the water table approaches to the slope surface, a highly unstable zone 
developed in that area and slope failures may be induced. In particular the experimental tests 
showed that slope failure was not induced solely by continuous rainwater infiltration, but for 
slope instability to occur the water table must rise, approaching the surface, or in any case the 
soil moisture contents (  ) must approach the saturated value (  ) near the surface; in all the 
tests performed, slope failures almost always occurred when relative degree of saturation (  ) 
was equal to 90-91%.  85 
 
Therefore these experiments can be taken to support what found in this thesis analysis. In fact 
here it was observed numerically how a low permeability soil induced a faster loss of suction 
near  the  surface  respect  to  a  high  permeability  soil,  when  a  rainfall  occurred.  Less  suction 
means less shear strength and less effective stresses which, in turn, yield to more chance of 
failure.  Moreover  it  was  found  that,  in  case  of      =  5x10
-7  m/s,  the  maximum  increase  in 
deviator stress ( ) occurred even if full saturation was not reached (fig. 41), confirming that a 












































Slope Stability Analysis 
7.1.  Introduction 
After  having  studied  the  deformation  and  the  stress  induced  by  rainfall  on  a  homogeneous 
compacted  embankment,  an  ordinary  stability  analysis  was  undertaken  for  the  same 
embankment, considering the effects of infiltration.  
The safety factor for the unsaturated slope suffering from rainfall infiltration was calculated at 
various  elapsed  times  after  the  commencement  of  rainfall.  Two  different  types  of  stability 
analysis were performed.  
The first one utilizes the common limit equilibrium method, and hereinafter it will be called LEM. 
This method takes the slices weight from the soil density and the geometry of the slices, and 
then it calculates stresses and forces, along the slip surface, that: 
1.  aim to provide for force equilibrium of each slice, 
2.  make the factor of safety the same for each slice, 
regardless to the fact that these stress distributions are not necessarily representative of the 
actual field stresses. 
The second type is based on the finite element-computed stress approach, and hereinafter it 
will be called FEM-LEM. It first establishes the stress distribution in the ground using a finite 
element analysis (using SIGMA/W) and then it uses these stresses in a stability analysis (using 
SLOPE/W). In this way the stress-strain relationship of the soil is included in the analysis (what 
the LEM method does not do) and this, in turn, leads to much more realistic stress distributions 
along the slip surface. 
The differences in using these approaches were also investigated.  
Conventional methods of slope stability analysis, based on the concept of limit equilibrium, does 
not assume deformations prior to failure; on the contrary finite element deformation analysis 
does it, so it can take into account the history of slope and it can deal with the growth of failure 
zones with time. 
The  infiltration  and  slope  stability  analyses  were  carried  out  using  finite  element  software, 
SEEP/W, SIGMA/W and SLOPE/W (Geo-Slope International Ltd.). 
SEEP/W can model steady- and transient-state flow/seepage in both saturated and unsaturated 
soils as a function of time. This feature allows the users to analyze the migration of wetting front 
and the dissipation of initial suction. SIGMA/W allows to calculate deformations and stresses as 
infiltration last. While SLOPE/W gives back the factor of safety (FS) and the slip surface shape 
through a stability analysis, performed with both the approaches mentioned above.  
The contribution of matric suction (i.e., negative pore-water pressure) towards total cohesion (c) 
can be specified by assigning a value to    as an input material parameter (see Chapter 6). 
Usually taking       ′ 2 ⁄  can be considered an appropriate choice. A constant value of effective 
internal  friction  angle,   ′,  can  be  used  regardless  of  matric  suction  value  since   ′  is  not 
influenced by matric suction. 
The position of the critical surface with the lowest factor of safety was determined using two 
methods, namely, ‘grid and radius method’ and ‘block method’. 
1) The grid and radius method: this method is used to find the critical circular slip surface. 
Each grid point is the circle center for the trial slips considered in the analysis to 87 
 
determine  the  lowest  factor  of  safety  (FS)  value;  each  tangent  line  drawn  on  the 
lowest side is used to fix the trial circle radius (fig. 54). 
2) Block method: this method is useful to find the critical slip surface which is likely to be 
parallel to the slope (fig. 55). Therefore it may be a useful method to analyze slopes 
associated with infiltration, in which infinite slope failure mode has been observed.  
In this analysis the FS values were determined using Morgenstern-Price method, with an half-
sine interslice function, when limit equilibrium method (LEM) was applied, and the SIGMA/W 
computed stresses when finite element-computed stress method (FEM-LEM) was used. 
 
Fig. 54: Specifying trial slip surfaces in grid and radius method. 
 
Fig. 55: Specifying trial slip surfaces in block method. 
As  for  the  previous  analyses  two  different  saturated  hydraulic  conductivity  cases  were 
considered  to  study  which  influence  this  significant  parameter  had  on  the  stability.  These 
saturated hydraulic conductivity values were 5x10
-7 m/s and 1x10
-5 m/s, magnitudes respectively 
smaller and greater than the rainfall intensity (  ) that was kept constant at 5x10






7.2.  Results  
7.2.1.  Homogenous Soil Case 
Firstly an homogenous soil embankment was assumed. When it was considered the soil bank 
with an high saturated conductivity value (     = 1x10
-5 m/s), so when the permeability was 
higher than the rainfall rate (  ), it was not found a real advantage for using the finite element-
computed stress method (FEM-LEM) instead of the traditional limit equilibrium method (LEM). 
The saturation condition was reached in a relatively short time (34 hrs = 1,42 days), as shown in 
fig. 56, and the most critical slip surface shape and position, at the end of the analysis (60 hrs), 
was  nearly  the  same  for  both  methods  (fig.  57).  Nonetheless  the  safety  factor  values  was 
different: FS = 1,440 for the FEM-LEM approach; FS = 1,190 for the LEM approach.  
 
Fig. 56: changing position of water table in the bank subjected by a constant 5x10




Fig. 57: Critical slip surface and factor of safety with LEM approach (above) and FEM-LEM approach (below) 
at the end of the analysis (60 hours). (Ksat = 1e-5 m/s) 
The reason for the difference in the safety factor is primarily related to the stress distribution 
along  the  slip  surface.  The  FEM-LEM  approach  was  able  to  capture  localized  shear  stress 
concentrations that the LEM approach, which derives the slice base normal force only from the 
slice weight, could not do. This can be observed plotting the shear strength and the mobilized 
shear stress along the slip surface for the two cases (fig. 58 a) and b)). With the FEM-LEM 
approach it could be distinguished an area below the crest of the embankment where the soil 
reached the failure, even if the slope is yet stable as whole. The same was not possible with the 
LEM approach because it calculate the stresses on each slice that make the factor of safety the 
same for each slice, regardless to the actual ground stresses. In fact in the graph (fig. 58 b)) the 
shear strength is everywhere 19% higher of the shear mobilized, irrespective of the considered 
wedge.  
Therefore, even if the LEM approach usually gives back a conservative result in term of safety 
factor (FS) for an high hydraulic conductivity soil case, nevertheless the FEM-LEM approach 
should be taken into consideration when the problem analysis concerns with the knowledge of 




Fig. 58: a) shear strength and the mobilized shear stress along the slip surface obtained with FEM-LEM 
approach; b) shear strength and the mobilized shear stress along the slip surface obtained with LEM 
approach; 
Passing to analyze the case of lower hydraulic conductivity (     = 5x10
-7 m/s), it was observed 
that the critical slip surfaces obtained with the limit equilibrium method (LEM) and the finite 
element-computed stress method (FEM-LEM) were different. As example, using the ‘grid and 
radius’  method  to  search  the  slip  surfaces,  it  was  observed  that  LEM  gave  back  a  critical 































































Mobilized shear stress91 
 
the FEM-LEM gave back a critical surface located on the upper part of the bank (near the crest) 
where the higher shear stresses were developed as previously illustrated in fig. 50.  
The  fig.  59  reports  the  grid  of  rotation  centers  and  the  radius  lines  used  to  define  the  slip 
surfaces. In figs. 60-61 it is showed the critical slip surface after 24 hours from the beginning of 
the analysis obtained with LEM and FEM-LEM approach, respectively.  
 
Fig. 59: the grid and the radius lines used to define the slip surfaces. 
 
Fig. 60: Critical slip surface and factor of safety with LEM approach after 24 hours. (Ksat = 5e-7 m/s) 92 
 
 
Fig. 61: Critical slip surface and factor of safety with FEM-LEM approach after 24 hours. (Ksat = 5e-7 m/s) 
The critical slip surface found with LEM approach (fig. 60) was always located in the lower part 
of the slope because, in that zone, to an increasing of water table, due to rainfall infiltration, 
corresponded an increase of the weight (so of the driving force) and a reduction of the shear 
strength due to the loss of suction and to the increase of pore-water pressure    (reduced 
strength  available).  So  generally,  using  LEM  approach,  a  slip  surface  passing  across  the 
saturated zone is characterized by a lower safety factor (FS) respect that of another surface 
drawn entirely inside the partially saturated zone, regardless the shear stress concentrations 
occurring  in  the  soil.  However  the  problem  of  an  unsaturated  soil  bank  suffering  rainfall 
infiltration  is  a  dynamic  situation  involving  displacements  which  accumulates  in  time. 
Nonetheless the limit equilibrium method of slices does not keep into consideration strains and 
displacements.  Fig.  62  shows  the  Y-displacements  growth  in  time  occurred  just  below  the 
surface (blue dots): as notable the greatest displacements were in the zone near the crest. The 
finite element-computed stress method (FEM-LEM) can take into account this fact. It uses the 
actual SIGMA/W computed stresses to calculate safety factors; therefore it allows to consider 
actual localized shear stress concentrations caused by the process of water infiltration. In this 
framework it could be explained why of the critical slip surface position found with FEM-LEM 
approach (fig. 61): the upper part of the embankment was that characterized by the greatest 




Fig. 62: Y-displacements at different elapsed times (above) calculated for the points  
indicated by the blue dots in the scheme (below). 
Worth noting is also the fact that LEM approach is based purely on the principle of statics: it 
finds the forces acting on each slice so that the slice is in force equilibrium and, at the same 
time, the factor of safety is the same for each slice. As result the computed slice forces can be 
locally not realistic or representative of the actual in-situ conditions. Conversely the safety factor 
calculated with FEM-LEM method is not the same all along the slip surface but it can vary, 
indicating which area is more stressed.  
Focusing on the second approach (FEM-LEM), it was studied how: 
1)  the definition of different slip surface search methods have influence on safety factor, 
and 
2)  the  definition  of  different  radius  lines  have  influence  on  the  shape  of the  critical  slip 
surface. 
Firstly the FEM-LEM stability analysis was carried out employing the ‘grid and radius’ and ‘block’ 
method.  
The ‘grid and radius’ method is based on the definition of one grid of circle centers and one 
radius lines box. The configuration used in the analysis was that shown in fig. 59. 
Conversely the ‘block’ method can be performed specifying two grids of points and two ranges 
of projection angles; the slip surface consists of three line segments: the middle segment goes 
from each grid point on the left to each grid point on the right, while the other two segments are 



































analysis is shown in fig. 63: the two grids of points were plotted over the area, near the surface, 
where the X-Y shear stresses are higher (see contours in fig. 63). 
 
Fig. 63: grids of points and projection angles (indicated by the arrows) used in the ‘block’ method (left); 
X-Y shear stress contours at the end of the analysis for the Ksat=5e-7 m/s case (right). 
The  results,  obtained  assuming  in  both  cases  a  slip  surface  close  to  the  slope  face,  are 
illustrated in  figs. 64-65. 
 
Fig. 64: Critical slip surface and factor of safety at the end of the analysis (60 hours) – ‘Grid and Radius’ 
method 
 
Fig. 65: Critical slip surface and factor of safety at the end of the analysis (60 hours) – ‘Block’ method 95 
 
The value of FS was lower for the ‘grid and radius’ method (FS=3,094) than for ‘block’ method 
(FS=3,231); meaning that ‘grid and radius’ was more efficient than ‘block’ method to find the 
most critical slip surface and it seemed to provide better results. Furthermore it may be stated 
that regular circular slip surfaces are more likely to occur than a surface formed by multi-straight 
lines; however it must be remembered that the analysis deals with an homogeneous soil bank; 
actually,  the  random  spatial  variability  of  soil  properties  often  may  result  in  irregular  slip 
surfaces, as that found with the ‘block’ method. Nevertheless, hereinafter the ‘grid and radius’ 
method will be considered as it is easier and it has demonstrated to give back results from the 
side of safety. 
Then the influence of different radius lines definition on the shape of the critical slip surface was 
studied. The  same  stability  analysis  (FEM-LEM  approach  and grid  and  radius method)  was 
performed specifying two different radius lines boxes (fig. 66 a) and b)): one radius lines box 
was closer to the surface (a), while the other one went deeper into the bank (b). 
 
Fig. 66: two different radius lines configurations: closer to the surface (a) and deeper into the bank (b). 
It was found that, in the first case (a case), the critical slip surface was tangent to the radius line 
closest to the surface (fig. 67), indicating a possible shallow landslide as expectable from the 
found shear stress contour lines; in the second case (b case) the critical slip surface tends to be 
tangent to the deeper radius line (fig. 68). 96 
 
 
Fig. 67: Critical slip surface and factor of safety at the end of the analysis (60 hours) resulting in the a) case. 
 
Fig. 68: Critical slip surface and factor of safety at the end of the analysis (60 hours) resulting in the b) case. 
In the figs. 69-70 are reported the variation of the safety factor with time calculated for the two 
critical  slip  surfaces  illustrated  in  figs.  67-68,  respectively.  The  two  behaviors  were  rather 
different. For the a) case there was a sudden decrease of the safety factor corresponding to the 
loss of the contribution to shear strength provided by soil suction. The rapid decrease was a 
direct consequence of the high infiltration rate that occurred at the beginning of a rainfall event 
as showed in Chapter 5 ‘Rainfall Infiltration Analysis’.  
For the b) case the decrease was more steady because the water took more time to reach the 
deeper slip surface. Nevertheless the safety factors was lower than for the a) case: at the end of 
the analysis it was 2,211 for the b) case, while it was 3,094 for the a) case. The reason can be 
explained looking at the geometry and position of the slip surfaces: the deeper slip surface 
involves greater destabilizing force; furthermore it is mostly located below the saturated zone 
meaning  greater  pore-water  pressure  (  ),  greater  weight  and  null  suction  component  of 
strength.  97 
 
 
Fig. 69: variation of the safety factor with time for the critical slip surfaces of the a) case. 
 
Fig. 70: variation of the safety factor with time for the critical slip surfaces of the b) case. 
This fact can be better appreciated plotting the strength component along the slip surface (figs. 
71-72). For the shallower slip surface, represented by the a) case, the greatest contribution was 
provided by the soil cohesion, that was specified to be 5 kPa uniformly throughout the bank; 
while the suction provided strength is almost reduced to zero at the end of the analysis. For the 
deeper slip surface, represented by the b) case, the greatest contribution was provided by the 
frictional property of the soil, while the cohesion had a minor influence; the suction provided 
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Fig. 71: Strength components along the slip surface for the a) case. 
 
Fig. 72: Strength components along the slip surface for the b) case. 
7.2.2.  Non-homogenous Soil Case 
If it is supposed that the most shallow soil layer is influenced by the weathering and by the 
repeated wetting-drying cycles, than the hypothesis of homogeneous soil strength parameters 
may not be valid anymore. About the atmospheric agents (weathering) the following can be 
reminded: 
-  physical weathering: 
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·  water: the action of both rain and runoff contributes to disaggregation of the soil; 
usually  embankments  subjected  to  repeated  wetting  and  drying  cycles  are 
characterized by movements and deformations of surficial layer, especially if the 
clayey content is significant and shrinking and swelling occur. 
·  frost: freezing and thawing cycles are among the most severe causes of cracks 
and fissures formation on soil. 
-  chemical weathering: 
·  dissolution,  carbonation,  hydration,  oxidation,  hydrolysis  on  silicates  and 
carbonates:  all  these  represent  a  minor  cause  of  disaggregation    for  a  soil 
because they act primarily on the rocks, however their contribution may become 
significant  if  the  minerals  content  of  the  soil  are  sensible  to  these  chemical 
actions. 
-  biological weathering: 
·  plants:  the  roots  growth  can  improve  the  stability  in  some  cases,  or  produce 
fissures along which weak slip surface are created. 
·  animals: some animal burrow hollow in the soil. 
Cracks and fissures (disaggregation) produced by weathering may cause a reduction of the soil 
strength  parameters,  especially  of  cohesion.  Moreover  the  accumulation  of  shear  and 
volumetric deformation induced by cyclic occur of the rainfall and other atmospheric agents 
(which induce cyclic oscillations of shear and mean effective stresses) may contribute to the 
decrease of cohesion, leading to a progressive failure in the shallower part of the soil bank 
(Cola  et  al.  (2008)).  The  materials  most  likely  to  exhibit  progressive  failure  are  the  finer 
materials (such as clays) because they possess chemical bonds that are gradually disintegrated 
by weathering.  
To take into account the effect of strains on this superficial shear band of the soil, the strengths 
should be scaled by a factor that depends on the strain rate. Nowadays this is not achievable 
with  Geostudio  softwares.  However  SLOPE/W  can  account  these  alteration  phenomena 
specifying a spatial function for cohesion (c) as function of both x and y geometry coordinates.  
Therefore a new analysis was performed considering the same bank as before but using a 
spatial function for cohesion. Cohesion was kept constant (equal to 5 kPa) inside the bank, 
while it was supposed to vary linearly between 5 kPa to 0 kPa within the most shallow 0,50 m 
layer from the ground surface, where the fissures and cracks were supposed to develop. In fig. 
73 are shown the contours of the actual applied cohesion values. 100 
 
 
Fig. 73: contours of the actual applied cohesion values. 
With this strength parameter configuration, the critical slip surfaces obtained, at the end of the 
analysis (60 hours), for the two different radius lines box specified (case a) and b)) are reported 
in fig. 74. 
 
Fig. 74: Critical slip surface and factor of safety at the end of the analysis (60 hours) resulting in the a) an b) 
case, with a spatial function for cohesion defined. 
It could be noted that now the safety factor of the a) case was significantly reduced respect the 
previous analysis: before it had reached a value of 3,094; now it was 2,115. This means that a 
narrow soil band characterized by a little range of variability for cohesion strength component, 
can yield large differences in stability results.  
Also more interesting was that, unlike what happened before, now the safety factor was lower 
for the a) case (FS=2,115) than for b) case (FS=2,168). In fig. 75 it is reported the variation of 
the safety factor with time calculated for the two critical slip surfaces. For the a) case there was 
a sudden decrease of FS, like before, but now FS values were lower and the a) curve crossed 
that of the b) case. After this point, in which the curves crossed each other, it can be stated that 
shallow failures occur prior to deep failure. Obviously the FS decreasing rate is a function of the 
rainfall intensity, the hydraulic conductivity function, the initial degree of saturation in the soil 
and  the  geometry;  a  parametric  study  based  on  their  variation  should  be  performed  (see 
Chapter 8 ‘Parametric Study’). 101 
 
 
Fig. 75: variation of the safety factor (FS) with time for the critical slip surfaces of the a) case and b) case,  
with a spatial function for cohesion defined. 
Cracks and fissures have influence not only on the strength parameters but mainly on hydraulic 
conductivity.  In  natural  slopes  the  saturated  hydraulic  conductivity  of  earth  materials  for 
texturally similar materials commonly can vary over one to two orders of magnitude, as found by 
Reid  ME.  (1997).  This  contrasts  in  the  hydraulic  conductivity  can  greatly  modify  the  pore-
pressure distribution, elastic effective-stress field, and stability within the slope. Reid ME. (1997) 
performed  a  study,  with  a  finite-element  numerical  model,  analyzing  four  simple  hillslope 
configurations  with  layered  materials  having  different      .  It  was  assumed  fully  saturated, 
ground-water flow. He found that low hydraulic conductivity materials that impede downslope 
ground-water flow can create unstable areas, with locally elevated pore-water pressures and 
seepage forces, that are quite different from the homogeneous case. The destabilizing effects 
can be as great as those induced by a variation in the frictional strength of approximately 4° - 8° 
(for the case examined) of texturally similar materials.  
In this analysis there was not fully saturated flow conditions throughout the embankment but 
anyway much attention should been paid to examine the destabilizing effect caused by variation 
in  hydraulic  conductivity.  Fissured  shallow  layers  of  constructed  embankments  can  have 
permeability and shear strength which vary gradually with depth, controlling both local seepage 
response to rainfall infiltration and location of the critical shear surface. 
Therefore it was performed a new analysis which combined the definition of a spatial cohesion 
function with the presence of a shallow layer with higher hydraulic conductivity.  
The previous idealized soil bank with a height of 5 m was divided into two layers: (Layer 1) a 
shallow layer with approximately 0,4-0,5 m thickness, and (Layer 2) the remaining soil volume, 
as shown in fig. 76. The two layers had  two saturated hydraulic conductivities:      = 1x10
-5 
m/s for Layer 1, and      = 5x10
-7 m/s for Layer 2. The rainfall rate (  ) considered was always 
5x10
-6 m/s (18 mm/h). Therefore, in relation to Layer 2, the infiltration rate was greater than the 
infiltration capacity (  	 	    ); in this sense the analysis can be seen as a study on the real 
effect of heavy rainfalls on bank stability. In fact the high hydraulic conductivity of Layer 1 is not 





































Fig. 76: Non-homogeneous soil bank mesh with 2 layers. 
The results of this non-homogeneous case were compared with those previously obtained from 
the homogeneous soil case. The same mesh-points (point A-B in fig. 77) are considered when 
results are illustrated.  
 
Fig. 77: representative point A and B on the finite element domain 
In fig. 78 are presented the time histories of matric suction, for point A, obtained from the two 
homogeneous cases (     = 1x10
-5 m/s and      = 5x10
-7 m/s) and the new non-homogeneous 
case (    	  = 5x10
-7 m/s and     	  = 1x10
-5 m/s). As notable for the new non-homogeneous 
case there was the most sudden matric suction decrease. The Layer 1 of the non homogeneous 
case was assumed to have the same permeability of the first homogeneous case (     = 1x10
-5 
m/s) indicated with the blue curve in fig. 78; however the presence of the Layer 2, with lower 
conductivity, prevented the drainage of the water so that suction was sudden reduced to zero, 
even  more  rapidly  than  for  the  ‘      =  5x10
-7  m/s  homogeneous’  case  (red  curve).  This 
noticeable drop of matric suction inside the top layer could lead to slope instability featured by 
shallow failures. 103 
 
 
Fig. 78: time histories of matric suction at point A 
In fig. 79 are presented the time histories of matric suction obtained for point B. When there was 
a  greater  distance  from  the  slope  surface,  the  matric  suction  of  a  soil  with  high  hydraulic 
conductivity decreased more quickly than that with low conductivity, as shown by the blue and 
red  curves.  The  non-homogeneous  curve  was  located  in  the  middle  of  the  two  extreme 
homogeneous cases; after all, being B a point still quite closer to the surface, the green curve is 
near the blue one since it still suffers the presence of the high hydraulic conductivity Layer 1; as 
the distance increases the influence of Layer 1 will weaken and the green curve will approach 
the red one. 
 
Fig. 79: time histories of matric suction at point B 
Upon completion of the above results on suction obtained by transient seepage analyses, the 
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using the finite element-computed stress method (FEM-LEM) in SLOPE/W. It is remembered 
that  the  non-homogeneous  bank  case  is  characterized  by  a  superficial  layer  (Layer  1)  with 
higher permeability then the remaining soil (Layer 2), and by spatial varying values for cohesion 
(a spatial function for cohesion is defined). 
The most surprising fact was that, for the first time, the same critical slip surface was obtained at 
the  end  of  the  analysis  for  both  the  ways  to  specify  the  radius  lines  (case  a)  and  b))  as 
illustrated in fig. 80. 
Therefore  it  can  be  stated  that  when  details,  which  represent  actual  field  conditions,  are 
included in the stability analysis then a single critical slip surface is obtained, regardless the way 
to specify slip surfaces (in particular, the radius lines box if ‘grid and radius’ method is applied). 
Here, in this analysis, the details specified were: 
-  the spatial function for cohesion, in order to account for lower cohesion strength near the 
surface produced by weathering; 
-  the surficial Layer 1 with higher permeability, in order to account the effect of fissures 
and cracks; 
Other peculiarities may be included in the future studies. 
 
 Fig. 80: Critical slip surface at the end of the analysis (60 hours) resulting in the a) case (left) and b) case 
(right). 
Fig.  81  shows  the  critical  slip  surface  found  for  the  embankment  with  lower  hydraulic 
conductivity (     = 5x10
-7 m/s), together with the variation of the factor of safety (FS) with time, 




Fig. 81: (above) critical slip surface at the end of the analysis for the embankment  
with lower hydraulic conductivity (     = 5x10
-7 m/s); (below) variation of  
the factor of safety (FS) with time, under different degrees of specification; 
The differences between the three cases are significant: more the actual details are included in 
the analysis and the lower is the safety factor. In the Table 5 are reported the FS values for the 
three cases at the end of the analysis and the rate of change respect the homogeneous case. 
Large part of the decrease occurred in a short time, less than 20 hours.  
It is reminded that the rainfall rate is kept always equal to 5x10
-6 m/s (18 mm/h) throughout all 
the analysis. Therefore the results obtained can be seen as the effects of long-duration, high-
intensity (18 mm/h) events on the stability of a soil embankment; the reduction of suction, due to 
water infiltration, is reflected in the decrease of the modeled factor of safety from higher values 
(around 5,0) to lower values, just above unity in some cases. 
Table 5: the FS values for the three cases at the end of the analysis and 
the rate of change respect the homogeneous case 
  FS  rate of change 
Homogeneous Ksat = 5e-7 m/s  3,094  / 
Homogeneous Ksat = 5e-7 m/s,  
with spatial function for cohesion 
2,115  -31,6 % 
Non-homogeneous (Klay 1 = 1e-5 m/s, Klay 2 = 5e-7 m/s), 
with spatial function for cohesion  1,505  -51,4 % 
 
7.3.  Conclusions 
The results here presented confirm as follow:  
1.  The  rainfall  infiltration  causes  the  slope  soil  matrix  suction  to  decrease,  or  even 
disappear, differently in time according to the hydraulic permeability, and this is also 
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homogeneous Ksat = 5e-7 m/s , with
spatial function for cohesion
non-homogeneous (Klay1 = 1e-5 m/s ,
Klay2 = 5e-7 m/s ) , with spatial
function for cohesion106 
 
2.  Under the dual role of matrix suction reduction and transient water load increasing, the 
critical slip surface can be evaluated with different limit equilibrium approaches. For the 
higher permeability soil, the shape and location of the critical slip surface is nearly the 
same with the two experimented approaches but the lower FS is found with the LEM 
one;  nonetheless,  the  FEM-LEM  approach  is  able  to  provide  additional  interesting 
knowledge about the distribution of the shear stresses along the slip surface. For the 
lower hydraulic permeability soil, instead, the FEM-LEM approach is the only able to 
reveal  a  slip  surface  which  con  take  into  account  the  localized  high  stressed  zones 
induced by the infiltration process; particularly the higher stresses were found to occur in 
the upper part of the slope, near the crest. 
3.  If details representing actual field conditions (as the reduction of cohesion strength and 
the  increase  of  permeability  near  the  surface  due  to  the  weathering  processes)  are 
included  in  the  stability  analysis,  then  one  critical  slip  surface  is  obtained  uniquely, 
regardless the way to specify slip surfaces. Moreover it was observed a reduction of the 
safety factor, at the end of the analysis, as much as 50%.  
Therefore,  errors  may  arise  when  the  traditional  limit  equilibrium  method  (LEM)  is  used  to 
estimate the safety factor of slope’s banks subjected to rainfall infiltration, with a permeability 
less than the rainfall rate. The analysis indicate that often the use of the common LEM approach 
lead to wide critical slip surfaces including both locally failed regions; or it can led to critical slip 
surfaces always located in the lower part of the bank (near the toe), mainly below the water 
table. In this way it neglects the stresses and deformations caused by rainfall in the upper part 
of the embankment, near the crest. Namely, since the local failures near the slope surface can 
be  overlooked,  the  safety  factor  may  be  overestimated  (non-conservative).  In  effect,  the 
superficial local failure of a slope embankment may not led to instantaneous overall collapse. 
However, once a local zone fails, the region can propagate in depth toward areas where the 
shear strength is exceeded until a global slide activates.  
Therefore, it should be mentioned that local failures can no longer be neglected in transient 
stability analysis, since the soil near the surface may be saturated from rainfall and the strength 
may be temporarily decreased during the event.  
The  numerical  simulations  of  this  thesis  provide  an  initial  understanding  of  the  actual 
mechanism of soil slope instability for transient conditions leading to shallow surface failure 



















8.1.  Introduction 
In this study the stability of the bank was assessed through the factor of safety (dependent 
variable) and the other factors (independent variables) affecting the stability of a slope. The 
latter  were  considered to  be the  soil  properties,  rainfall  intensity,  the  slope geometry  (slope 
angle) and the initial moisture condition.  
In  a  first  analysis  three  slope  angles  (26.6,  33.7,  and  45.0°),  two  soil  types  (namely  two 
saturated  hydraulic  conductivity  values:        =  5x10
-7  m/s  and        =  1x10
-5  m/s),  and  four 
rainfall intensities (  ) (3, 6, 12, 18 mm/h each for 24 h duration) were used to perform the 
parametric study. Thus, with this combination, 24 (3 x 2 x 4) analyses were performed where 
the  slope  height  (5,0  m)  and  the  initial  groundwater  table  position  (at  the  bottom  of  the 
embankment) were kept constant throughout all the analysis. The initial pore-water pressure 
condition, for all the analyses, was a hydrostatic condition with a limiting pore-water pressure 
head of −5 m. This was done to eliminate the effects of antecedent moisture conditions on the 
factor  of  safety  of  the  slope.  This  first  study  was  intended  to  evaluate  the  effect  of  soil 
properties, in terms of saturated coefficient of permeability (     ), and the effect of slope angle 
on the stability of a homogeneous soil slope subjected to different rainfall rates. 
A second parametric study was carried out to investigate the effect of rainfall intensity on the 
factor of safety (FS), and the existence of a threshold rainfall intensity which would cause the 
maximum reduction in the FS. A fixed 45° slope angle bank was considered, while it was varied 
the soil type (two cases:      = 5x10
-7 m/s and      = 1x10
-5 m/s) and the rainfall intensity (13 
different values, each for 24 h duration); overall 21 analyses were performed. 
A last parametric study was carried out to looking for the influence that antecedent moisture 
condition (or antecedent rainfall) have on the stability of the ‘     = 5x10
-7 m/s homogeneous 
soil  bank’.  Again,  a  fixed  45°  slope  angle  bank  was  taken  as  example,  while  three  rainfall 
intensities (3, 6 and 12 mm/h, each one maintained until failure onset) and five initial relative 
degree of saturation (  ) were varied. Overall 15 analyses were performed. 
Table  6  gives  a  summary  of  the  combination  of  factors  controlling  slope  stability  that  were 
varied and kept constant in the three different series of parametric studies. 
Each  parametric  study  was  performed  in  three  steps.  First,  a  seepage  analysis  of  the 
homogeneous  soil  bank  was  performed  using  SEEP/W  software.  The  pore-water  pressures 
obtained  from  the  seepage  analysis  are  then  used  in  an  uncoupled  consolidation  analysis 
(SIGMA/W software) to calculate the stresses and the deformations. Finally, with SLOPE/W 
software, a slope stability analyses to calculate the factor of safety (FS) of the slope’s bank was 







Table 6: summary of combination of factors (independent variables) affecting slope stability 
used in parametric studies. 
Study Name 
Soil type - 































































The  shear  strength  equation  utilized  in  the  slope  stability  analysis  is  the  unsaturated  shear 
strength equation to incorporate the contribution from the negative pore-water pressure. The 
equation is that proposed by Fredlund et al.(1978), which can be expressed as follows: 
                  tan              tan   
where    is the shear stress at failure for unsaturated soils, c′ and φ′ are effective shear strength 
parameters (the effective cohesion and friction angle),   is the normal stress on shear surface, 
   is a friction angle related to matric suction          ,    and    are respectively the pore air 
and pore-water pressure. 
The shear strength parameters and mechanical properties of the soils used in the parametric 
studies were the same of the previous analyses, and these are recalled in Table 7. 
Table 7: Materials properties and shear strength parameters for the soil 
considered in the FEM parametric analysis 
Material properties  Symbol  Unit  Value 
Unit weight of soil      kN/m
3  20 
Young’s modulus     kPa  10000 
Poisson ratio     /  0,27 
Saturated hydraulic conductivity        m/s  1e-5 and 5e-7 109 
 
Cohesion intercept   ’  kPa  5 
Internal friction angle   ′  °  30 
Matric suction angle      °  15 
 
To take into account the effect of weathering on superficial layer, a spatial function for cohesion 
was used as for the previous ‘slope stability analysis’. The apparent cohesion strength was 
imposed to vary linearly from 0 kPa to 5 kPa inside the most shallow 0,4 – 0,5 m thick soil layer 
(fig. 82). 
 
Fig. 82: contours of the actual applied cohesion values. 
Instead, the influence of weathering on hydraulic conductivity was neglected here, and the bank 
was assumed homogeneous from the permeability point of view. 
8.2.  Results and Discussion 
8.2.1.  Slope Angle and Rainfall Intensity 
The effect of slope angle (α) and the rainfall intensity (  ) on the stability of a homogenous soil 
slope with saturated hydraulic conductivities      = 5x10
-7 m/s and      = 1x10
-5 m/s, is shown 
in figs. 83-84, respectively. The plots in figs. 83-84 highlight the relationships of the initial factor 
of safety,      , and the minimum factor of safety,      , with slope angle (α) for all the rainfall 
intensities (  ) examined. The plots show a common pattern for the minimum factor of safety, 
     , irrespective of the soil type and slope angle: where the higher the rainfall intensity the 
lower the      . This implies that the rainfall intensity plays a primary control on safety factor 
(FS). 
A comparison of the plots among the same soil type but different slope angles (so looking at 
figs. 83-84 separately) indicated that the higher the slope angle the lower the initial factor of 
safety,      , and the minimum factor of safety,      : both       and       bore negative linear 
relationship with α. This is conceivable because a steep slope will yield a lower factor of safety 
(FS) as compared to a flat slope. Therefore, also the slope angle plays an important role in 
dictating the FS of the slope. 
Again, comparing the results plotted in figs. 83-84, it was noted that under a short-duration 
rainfall (T   	24 h) the trend lines were stepper for the low permeability (K    = 5x10-7 m/s) 
homogeneous soil bank than for the high permeability (K    = 1x10-5 m/s) one. For the lower 
permeability  soil  (fig.  83),  at  the  higher  slope  angles  (α  =  45.0°)  and  rainfall  intensities  (  ) 
between 6 and 18 mm/h, the minimum safety factor it was observed approaching dangerously 110 
 
to the limit value (FS = 1); and, observing the trend line, for slopes beyond the 50° with a rainfall 
intensity equal or greater 12 mm/h the FS limit may be exceeded probably. The same was not 
observed in fig. 84 (high permeability, K    = 1x10-5 m/s, homogeneous soil bank) where the 
FS    values were always greater 1,5 even for the highest slope angle (α) and rainfall intensity 
(I ). 
At the lower slope angles, the trend lines in fig. 83 are quite spaced each other, while those in 
fig. 84 are quite close to one another. This means that a soil bank with a saturated coefficient of 
permeability        =  1x10
-5  m/s  was  less  influenced  by  the  variability  of  rainfall  intensity. 
Contrarily,  soil  bank  with        value  of  5x10
-7  m/s  was  greatly  affected  by  rainfall  intensity 
variability. 
 
Fig. 83: Relationship between slope angle (α) and minimum factor of safety,      , for homogeneous soil 
bank (     = 5x10
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Fig. 84: Relationship between slope angle (α) and minimum factor of safety,      , for homogeneous soil 
bank (     = 1x10
-5 m/s) subjected to rainfall for 24 h with four rainfall intensities of 3, 6, 12 and 18 mm/h. 
The above findings suggest that homogeneous soil slopes with a low saturated coefficient of 
permeability (     = 5x10
-7 m/s) are not safe from short-duration rainfalls, contrary to what was 
stated by Rahardjo, Harianto, et al. (2007), where a short-duration rainfall is defined as the “1 
day” or “24-h” rainfall. In fact, using the FEM-LEM approach it was possible to take into account 
the stresses produced by rainfall infiltration on the superficial layer, while the LEM could not do 
this. In case of low conductivity soil (     = 5x10
-7 m/s), the effect of the infiltration results in a 
critical slip surface close to the surface which is characterized by lower safety factor than that of 
the high conductivity soil case (     = 1x10
-5 m/s) which is seated more in deep. What had not 
been  caught  by  Rahardjo,  Harianto,  et  al.(2007)  was,  probably,  the  different  ways  in  which 
different hydraulic conductivity soil slopes fail when subjected to a rainfall infiltration; in fact the 
LEM approach does not allow to recognize these differences. 
Another important thing to note in the above fig. 83 is that the       value points found for    = 
12 mm/h and    = 18 mm/h were almost the same: the point tend to overlap each other. This 
suggests the possibility of the existence of a threshold rainfall intensity which will cause the 
maximum reduction in       of a homogeneous soil slope.  
8.2.2.  Threshold Rainfall Intensity  
To investigate the existence of a threshold rainfall intensity in more detail, and to examine the 
relationship between minimum factor of safety (     ) and rainfall intensity (  ), the minimum 
factor of safety versus logarithmic of rainfall intensity, for an α = 45° slope soil bank, is plotted in 
fig. 85, for      = 5x10
-7 m/s and      = 1x10
-5 m/s soil cases. Other values of rainfall intensities 
were  added  to  those  previously  investigated  in  order  to  obtain  a  more  accurate  curve 
relationship.  
The semilog plots, in fig. 85, shows that generally the FS    and I  relationship follows a sigmoid 
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For the lower hydraulic conductivity soil case (     = 5x10
-7 m/s) the       tended to be almost 
constant at very low rainfall intensities, approximately below    = 2-3 mm/h (upper inflection 
point). Then, after this upper inflection point, the       started to decrease rapidly until it was 
reached  a  threshold  rainfall  intensity  value  (lower  inflection  point)  after  which  the        
remained constant. This threshold value, for the      = 5x10
-7 m/s case, was around    = 10 
mm/h. 
The same analysis repeated for the      = 1x10
-5 m/s case revealed an upper inflection point 
which could be estimated around    = 10 mm/h, higher respect that of      = 5x10
-7 m/s case; 
and it was found as threshold rainfall intensity (lower inflection point) a value    = 30 mm/h. 
A comparison among the two different soil types considered here demonstrated that higher the 
conductivity (    ) higher were the upper and lower inflection point values. This implies that, in 
order  to  bring  the         to  its  lowest  value,  a  higher  rainfall  intensity  (  )  is  needed  in  a 
homogeneous soil bank with a high permeability (     = 1x10
-5 m/s) than in a homogeneous soil 
bank with a low permeability (     = 5x10
-7 m/s). 
The existence of a threshold rainfall intensity means also that the reduction of safety factor (FS) 
is only significant until it is reached the return period of that threshold rainfall intensity. A further 
increase in the return period will not produce any decrease in the safety factor. Therefore much 
attention should be paid to banks with low      soils since also very common events, with low 
return period, can lead to failures. 
 
Fig. 85: relationships between rainfall intensity (  ) and minimum factor of safety,      , for the two 
homogeneous soil bank (     = 5x10
-7 m/s and      = 1x10
-5 m/s) with slope angle α=45°,  
subjected to rainfall for 24 h. 
Reasoning in terms of water volume, it can be stated that homogeneous soil banks need more 
water to destabilize if the      is high than if the      is low. The reason is that the mechanisms 
of failure are different for the two cases. Soil banks with low      usually destabilize due to 
rainwater infiltration that causes, in short time, the reduction of matric suction shear strength 
component in the superficial unsaturated zone (shallow failures). Instead soil banks with high 
     usually fail under more intense rainfalls, due to the increase of pore-water pressure    in 
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the water infiltrating on the surface. So, under low intensity rainfalls, a high      soil bank will fail 
only if rain lasts long time. 
8.2.3.  Antecedent Rainfall  
Now  it  is  wanted  to  bring  emphasis  to  the  importance  of  the  antecedent  rainfall,  or  initial 
moisture condition, in destabilizing the slopes of homogeneous soil bank. 
In fig. 86 are reported the plots of variation in factor of safety (FS) versus elapsed time for the 
two  different  homogeneous  soil  banks,  subjected  to  different  24  hours-duration  rainfall 
intensities. These plots show that after a rainfall event starts the factor of safety (FS) will drop 
regardless of the soil type or the rainfall intensity (  ) applied to the slope bank. Only for      = 
1x10
-5 m/s and    = 3 mm/h the rain seems not to affect in any way the stability of the slope 
bank. 
Moreover it could be noted that after the rainfall ceased, the factor of safety (FS) for the     = 
1x10
-5 m/s soil type recovered at faster rate respect that of the      = 5x10
-7 m/s soil type, and it 
could reach again the starting condition about 36 hours after the end of the event. Instead the 
     = 5x10
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Fig. 86: Effect of rainfall intensity on variation of factor of safety with time for homogeneous soil slope 
constant slope angle (α = 45°) subjected to rainfall for 24 h with:      = 5x10
-7 m/s (above); 
     = 1x10
-5 m/s (below); 
The above findings suggest that homogeneous soil bank with a high saturated coefficient of 
permeability (    = 1x10
-5 m/s) are safe from short-duration (24 hours) rainfalls, and seldom 
they can suffer the influence of antecedent events. For this reason hereafter the effect of the 
antecedent rainfall will be investigated only for the low hydraulic conductivity case (     = 5x10
-7 
m/s soil type). 
In order to obtain some initial spatial distributions of moisture in the soil, it was think to force the 
embankment with a cyclic rainfall for eight days (192 hours); it consisted of a constant rainfall 
lasting 24 hours followed by other 24 hours with no rain, and this repeated for eight days. Four 
different rainfall intensities were experimented (fig. 87). 
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Fig. 87: hyetographs of the constant 24 hours cyclic rainfalls used to obtain some initial spatial distributions 
of moisture in the soil 
The trend of the factor of safety (FS), during the eight days, for the four different intensity cyclic 
rainfalls are reported in fig. 88. As time passed the factor of safety tended to reduce more and 
more since between two following rains the system was not able to recover completely its initial 
moisture condition. For      6 mm/h the factor of safety (FS) tends to be equal one (means 
FSlim) at the end of seventh day.  
Moreover it is noted that in case of    equal 12 and 18 mm/h the two trends tended to match 
each other since the beginning of the analysis; this is because, as just seen in the previous 
analysis, they are greater than the threshold rainfall intensity for the      = 5x10
-7 m/s soil type. 
So,  when      is  greater  than  the  threshold  rainfall  intensity,  the  influence  degree  does  not 
increase  as  the  rainfall  intensity  increases.  Hereafter      =  18  mm/h  will  not  be  considered 
anymore. 
 




















































































































Ir = 3 mm/h
Ir = 6 mm/h
Ir = 12 mm/h
Ir = 18 mm/h
FS lim
Slope angle α = 45°116 
 
Obviously the rain events produced an heterogeneous distribution of soil moisture inside the 
embankment.  In  order  to  have  one  single  representative  measure  of  the  volumetric  water 
content (  ) of the bank at the end of each time step, it was considered the mean value of    
along  the  vertical  ‘section  A’  plotted  in  fig.  89.  The  fig.  89  shows  also  an  example  of  the 
volumetric water content (  ) spatial contours distribution obtained during the ‘cyclic rainfall’ 
analysis and the profile of    along the vertical ‘section A’, at a given time step. 
 
 
Fig. 89: (above) example of the volumetric water content (  ) spatial distribution obtained at a given time 
step during the ‘cyclic rainfall’ analysis; (below) the profile of    along the vertical ‘section A’, for the given 
time step.  
Therefore it was calculated the mean value of volumetric water content ( ̅ ) along the ‘section 
A’  for  each  time  step  of  each  cyclic  rainfall  intensity  tested  (    =  3,  6  and  12  mm/h).  The 
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Fig. 90: trends of the mean vol. water content value (    ) along ‘section A’ during the ‘cyclic rainfall’ analysis. 
As it can be noted a wide range of possible initial moisture conditions was reproduced with the 
cyclic rainfalls. From the initial condition  ̅  = 0.35, until  ̅  = 0.502, at the beginning of seventh 
day, which is close to the saturated volumetric water content of the soil    = 0.511. 
Therefore five different moisture conditions has been selected. These were imposed as initial 
condition for the following analyses in which a steady rainfall is maintained upon the bank until 
failure was reached (FS=1,0). Three steady rainfall intensities were applied:    = 3, 6 and 12 
mm/h. Varying the rainfall pattern as occurs in actual situations was not attempted: it is beyond 
the scope of this study.  
In order to have a clearer idea of the starting degree of saturation into the soil, the relative 
degree of saturation (  ) was calculated for each initial condition: 
    
 ̅      
       
 
where: 
 ̅  = mean volumetric water content along the ‘section A’ 
   = residual volumetric water content 
   = saturated volumetric water content 
Then, the duration of rainfall needed to reach failure was observed for each initial moisture 
condition and each steady rainfall. The results are plotted in fig. 91 which reports the rainfall 
duration until the slope failure as function of the initial mean relative degree of saturation (  ) 
along ‘section A’.  
The trend lines in fig. 91 indicates that the rainfall duration decreased almost linearly with the 
increase in the initial relative degree of saturation (  ). Failure took place if the rainfall lasted 
some hours. How many hours depended on the initial relative degree of saturation (  ). The 
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Comparing the three rainfall intensity cases it could be noted that differences occurred only for 
     6 mm/h, while for    = 6 and 12 mm/h the trend lines matched to each other. Moreover the 
differences reduced  progressively  as  relative  degree  of  saturation  (  )  increased,  and  when 
     80% the three rainfalls gave rise to a unique relationship. As example, if the initial    = 
90% (which can be considered a common value occurring in actual silty-sandy soils) the failure 
took place in about 24 hours regardless the rainfall intensity. 
It must be remembered that here    corresponds to the mean value of water content ( ̅ ) along 
the vertical ‘section A’, and that a 45° slope angle is considered. Therefore, if another reference 
is taken or other geometric configurations are investigated, then the relationship curves may be 
different. 
 
Fig. 91: Effect of initial relative degree of saturation on rainfall duration until the slope failure 
Because the initial relative degree of saturation is significantly influenced by the antecedent 
rainfalls, these last should be considered in the stability analysis of slope embankments under 
rainfall. Particularly for those low permeability soils which, as previously seen, are not able to 
recover fast the initial highly unsaturated moisture conditions.  
The initial volumetric moisture content has significant influence on the water pressure growth 
process, and thus on the slope stability. The higher the initial volumetric water content, the 
higher the hydraulic conductivity and the faster the water pressure raise in soil embankments 
under rainfall. Li et al. (2005) computed several field measurements on an instrumented cut 
slope in Hong Kong during the rainy season in 2001, and they observed that the antecedent 
rainfall  infiltration  contributed  significantly  to  the  increase  in  volumetric  water  content  and 
decrease  in  matric  suction,  and  that  the  magnitudes  of  such  increase  and  decrease  were 
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In this study the process of water infiltration into a partially saturated model embankment was 
conducted to investigate the effect of coupled pore water flow and solid skeleton deformation by 
using two-dimensional finite element software. Rainfalls will increase, depending on the soil's 
permeability, the soil moisture content, and in turn decrease the matric suction, thus reducing 
the shear strength of a soil. At the same time the soil mass density will increase, leading to a 
less  stable  soil  slope.  In  many  cases,  in  fact,  shallow  failures,  occurring  along  the  slopes 
embankment, cannot really be attributed to a rise of the groundwater table, but simply to the 
advance of the wetting front and the reduction of shear strength caused by the decrease of 
matric suction. Hence such failures would not be properly analyzed using the traditional slope 
stability approaches. 
In order to obtain a complete understanding of the instability process four types of analysis has 
been  performed  with  the  numerical  software  Geostudio:  a  ‘rainfall  infiltration  analysis’,  an 
‘infiltration-stress-deformation analysis’, a ‘slope stability analysis’, and finally a series of ‘three 
parametric studies’. The following conclusions were obtained: 
1.  The results of the numerical study show that most infiltration occurs at the top face of the 
embankment  both  in  steady-state  and  transient  condition.  Although  the  soil  bank  was 
considered  texturally  homogeneous  the  actual  hydraulic  conductivity  showed 
inhomogeneous  distribution,  since  the  hydraulic  conductivity  is  a  function  of  the  water 
content into the soil and function of the hydraulic gradient, which are variable both in time 
and space. The constant value of infiltration reached at the steady-state condition was less 
than  the  saturated  permeability  (    )  and  varied  between  the  different  faces  of  the 
embankment. 
2.  The finite element method allows to obtain easily the changes in matric suction and stress 
distribution with time in such a highly transient problem as rain infiltration. The stress field, 
which  is  closely  related  to  slope  stability,  was  modified  by  the  pore  water  pressure 
distribution, controlled by the spatial variation of hydraulic conductivity during a rain event. 
The most shallow layer was much more stressed in case of low hydraulic conductivity than in 
case  of  high  conductivity.  Moreover,  in  case  of  low  permeability,  the  rate  of  increase  of 
deviator stress, until its maximum value, was quite steady and the stress path showed a pick 
followed  by  a  decrease  of  the  resistance  which  is  similar  to  the  undrained  instability 
phenomena. On contrary the stress path of the high permeability case did not show such a 
form of instability, while it was characterized by some fluctuations due to the action of the 
water seeping from different sides of the bank; this is due to the fact that a more drained 
condition insists. Therefore, in case of low hydraulic conductivity, shallow failures are liable to 
occur in a relatively short time, while, in case of high permeability, infiltrating water can easily 
drain down and failure is delayed after end of rainfall. This is also reflected in different failure 
modes.  
3.  The procedure of stability analysis using the finite element stress based method provided the 
means to improve the understanding of actual mechanism of destabilization of soil slope 
bank. If the downward flow of rainwater was inhibited near the slope surface due to low 
hydraulic  conductivity,  the  critical  slip  surface  tended  to  move  toward  the  slope  surface 120 
 
because the decrease in matric suction induced a decrease in shear strength and because of 
the  localize  shear  stress  concentration  induced  by  the  rainfall  infiltration. The  differences 
regarding the shape of the critical slip surfaces, obtained in case of homogeneous soil bank, 
were removed when a non-homogeneous soil bank was tested simulating a spatial varying 
cohesion strength and different permeability layers; in this last case a unique critical slip 
surface  was  obtained  regardless  the  way  to  specify  the  slip  surfaces,  and  a  substantial 
lowering of the final safety factor was observed respect to the homogeneous case. It follows 
the importance of representing, as much as possible, the actual field conditions in this type of 
transient rainfall infiltration analysis. 
4.  Under a 24 hours rainfall duration, it was observed that, for the highest slope angles and the 
highest  rainfall  intensities,  the  minimum  safety  factor  of  a  low  permeability  soil  bank 
approached dangerously the critical limit condition; while that of the high permeability soil 
bank was maintained anyway above a safe 1,5 value. Moreover the low permeability soil 
bank has revealed to be more influenced by the variability of rainfall intensity respect the high 
permeability soil bank, for the range of rainfall intensity values tested. 
5.  The results of a parametric study suggested the existence of a threshold value of rainfall 
intensity  for  a  fixed  angle  slope  bank.  This  threshold  value  indicate  the  rainfall  intensity 
beyond  which  the  safety  factor  does  not  change  anymore,  and  it  was  observe  that  it 
increased as the soil permeability increased. Hence a low permeability soil bank needs a 
rainfall characterized by a lower return period to take the safety factor to its minimum value, 
respect a high permeability soil bank. 
6.  The initial volumetric moisture content had significant influence on the procedure of the rise 
of  the  water  pressure,  and  thus  on  the  slope  stability.  The  higher  the  initial  volumetric 
moisture  content,  the  faster  the  water  pressure  grew  in  the  slopes  bank  under  rainfall; 
actually this reflects in short time to reach a failure along the slope. Thus, in order to assess 
the stability of an embankment subjected to a rainfall event, the influence of the antecedent 
rainfalls should be always considered. 
Therefore, when a new embankment has to be constructed for river protection or to support 
transportation facilities (roadways, railways), it is recommended, in the design phase, to analyze 
the embankment stability also in case of rainfall infiltration; this type of different scenario could 
represent the worst condition (on short term) for embankments which are initially in a state of 
unsaturated condition. Inside this framework a conservative design approach has to rely also on 
the study of climatic condition of the region of interest. Understanding which type of rainfall 
events (intensity and duration) are more likely to occur it is the starting point to identify the 
critical  condition.  Then,  the  more  suitable  material  characteristics  (strength,  hydraulic 
conductivity, etc…) can be designed and used in the construction of the embankment. 
Enhancing  the  tools  (in  particular  the  numerical  software)  for  a  reliable  prediction  of  the 
expected strains under environmental actions should help in the design of safer and cheaper 
earth constructions. 
Further study on the numerical simulation should be performed integrating the finite element 
modeling with randomly varying soil domain. The effect of randomly heterogeneous porosity, 
which in turn is reflected on heterogeneous permeability, should be analyzed in statistical term; 
in  fact,  as  also  verified  in  this  thesis,  a  more  detailed  representation  of  the  actual  bank 
conditions is important to achieve accurate model results in such transient rainfall infiltration-
stability analysis.  121 
 
In addition, real well-instrumented rainfall infiltration tests and calibration of prediction models 
should  be  conducted  to  provide  better  understanding  of  instability  mechanisms  of 
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